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Abstract. We describe the dualization of the algebra of secondary cohomology operations in terms of gen- 
erators extending the Milnor dual of the Steenrod algebra. In this way we obtain explicit formuls for the 
computation of the Es-term of the Adams spectral sequence converging to the stable homotopy groups of 
spheres. 
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Preface 



Spheres are most elementary compact spaces, but the simple question of counting essential maps 
between spheres turned out to be a landmarking problem. In fact, progress in algebraic topology might 
be measured by its impact on this question. Topologists work on the problem of describing the homotopy 
groups of spheres for around 80 years and still there is no satisfactory solution in sight. Many approaches 
were developed, a distinguished one is the Adams spectral sequence 

E2,E3,E4, ... 

converging to homotopy groups of spheres. Adams computed the Ei-term and showed that 

E2 = Ext^(F,F) 

is algebraically determined by Ext-groups associated to the Steenrod algebra jz/. Hence E2 is an upper 
bound for homotopy groups of spheres which is given by an algebraic resolution of the prime field F = 
over the algebra . The Steenrod algebra .c/ is in fact a Hopf algebra with wonderful algebraic properties. 
Milnor showed that the dual algebra 

= Hom(^,F) 

is a polynomial algebra. Topologically the Steenrod algebra is the algebra of primary cohomology opera- 
tions. 

In the book [3] the pair algebra of secondary cohomology operations is computed which enriches 
the known algebraic structure of the Steenrod algebra considerably. The pair algebra is given by an 
exact sequence 

(*) 

Here ^0 is the free associative algebra over G = Z//5^Z generated by the Steenrod operations which also 
generate and q is the identity on generators. Moreover there is a multiplication map 

m : S8(i®SS\ ® ^i®^o ^ ^1 

and a diagonal map 

A : =^1 ^ (=^o®<^i ©<^i®=^o)/ ~ 
such that = (.^, m. A) is a "secondary Hopf algebra", see [3], inducing the Hopf algebra structure of the 
Steenrod algebra si . 

Adams computed those special values of difl'erentials <i(2) in E2 which are related to the Hopf invariant 
1 problem. In the book of Ravenel [16] one finds a list of all differentials up to degree 60 which, however, 
are tentative in degrees > 46. Corrections of published differentials in low degrees were made by Bruner 
[10]. An explicit method for the computation of the difl'erential d(2) in general, however, has not been 
achieved in the literature. This is done in the present paper. 

We show that the differential d(X) and the Es-term can be completely computed by the formula 

E3 = Ext«(G^,G^) 

where the secondary Ext-groups Ext^ are given by an algebraic secondary resolution associated to the pair 
algebra ^. The computation of E3 yields a new algebraic upper bound of homotopy groups of spheres 
improving the Adams bound given by E2. 

In order to do expUcit computations of the new bound E3 one has to carry out two tasks. On the one 
hand one has to describe the algebraic structure of the secondary Hopf algebra ^ expUcitly by equations 
which a computer can deal with in an easy way. On the other hand one has to choose a secondary resolution 
associated to ^ by solving inductively a system of explicit equations determined by SS. 
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PREFACE 



In the first part (chapters 1, 2, 3) of this paper we describe the algebra which yields the secondary 
resolution associated to and which determines the differential d(2) on E2 by the resolution. In the second 
part (chapters 4, 5, 6, 7, 8) we study the algebraic properties of SS and of the dualization of SS. In particular 
we show that the results of Milnor on the dual Steenrod algebra ^ have secondary analogues. For the 
duaUzation of ^ we proceed as follows. The projection q: ^ si mi*) above admits a factorization 

where = ^0 ® F is the free associative algebra over F = Z/pZ generated by the Steenrod operations. 
Now let 

Reg = kemel(^o ^ 
= kemel(^o ^ 
Then one has an exact sequence of F- vector spaces 

s/ Rag ^ 

which can be duahzed by applying the functor Hom(-, F). Moreover the exact sequence of F- vector spaces 

^ ^1 (8> F -» /?,® (g) F 

can be dualized by Hom(-,F). The main results of this work describe in detail the multiplication in ^ 
and the diagonal in ^ on the level of =^1 ® F and on the dual Hom(=^i, F). In this way we obtain explicit 
formulae describing the algebraic structure of ^ and of the dual of ^. of course the dual of ^ determines 
^ and vice versa. 

We use these formulae for computer calculations of the secondary resolution associated to ^ and we 
derive in this way the differentials d(2) on E2. In section 3.2 we do such computations up to degree 40 in 
order to confirm the algebraic equations achieved in the book [3]. Our goal is to compute E3 up to degree 
210 as this was done for E2 by Nassau [15]. An effective computer implementation of E3 reUes on the 
computation of the dual of ^ in section 8.3 below. 



CHAPTER 1 



Secondary Ext-groups associated to pair algebras 



In this chapter we introduce algebraically secondary Ext-groups Ext^ over a pair algebra B. In [4] we 
already studied secondary Ext-groups in an andditive track category which yield the Ext-groups Ext^ as a 
special case if one considers the track category of B-modules. In chapter 3 we shall see thet the E3-term 
of the Adams spectral sequence is given by secondary Ext-groups over the pair algebra -Si of secondary 
cohomology operations. 

1.1. Modules over pair algebras 

We here recall from [3] the notion of pair modules, pair algebras, and pair modules over a pair alge- 
bra B. The category B-Mod of pair modules over B is an additive track category in which we consider 
secondary resolutions as defined in [4]. Using such secondary resolutions we shall obtain the secondary 
derived functors Ext^ in section 1.3. 

Let A: be a commutative ring with unit and let Mod be the category of fc-modules and ^-linear maps. 
This is a symmetric monoidal category via the tensor product A®B over k of A:-modules A, B. A pair of 
modules is a morphism 

(1.1.1) X = (xi^Xo) 

in Mod. We write n^iX) = ker5 and ni{X) = cokercJ. A morphism f : X Y of pairs is a commutative 
diagram 

/i 




^0 lo- 

Evidently pairs with these morphisms form a category .^^(Mod) and one has functors 

no,ni : ^^.(Mod) ^ Mod. 

A pair morphism is called a weak equivalence if it induces isomorphisms on tiq and ni. 

Clearly a pair in Mod coincides with a chain complex concentrated in degrees and 1 . For two pairs 
X and Y the tensor product of the complexes corresponding to them is concentrated in degrees in 0, 1 and 
2 and is given by 

Xi®Fi -^Xi®Fo®Xo®Fi -^Xo®Fo 
with ^0 = (5 ® 1, 1 ® 5) and 5i = (-1 ® 5, 5 ® 1). Truncating X ® F we get the pair 

Xm = ((X®F)i = coker(5i) Xq ® Fq = (X®F)o j 

with d induced by do. 

(1.1.2) Remark. Note that the fuU embedding of the category of pairs into the category of chain 
complexes induced by the above identification has a left adjoint Tr given by truncation: for a chain complex 



one has 



(...^C.^Ci^Co^Ci^...), 
Tr(C) = |coker(5i) Coj , 
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with do induced by do. Then clearly one has 

X®y = Tr(X®y). 

Using the fact that Tr is a reflection onto a full subcategory, one easily checks that the category ,!^^(Mod) 
together with the tensor product ® and unit A: = (0 ^ A:) is a symmetric monoidal category, and Tr is a 
monoidal functor. 

We define the tensor product A ® £ of two graded modules in the usual way, i. e. by 

(A(8>fi)" = ^A'®M 

i+ j=n 

A (graded) pair module is a graded object of ,!^^(Mod), i. e. a sequence X" = (5 : X" — > X'^) of pairs 
in Mod. We identify such a pair module X with the underlying morphism d of degree between graded 
modules 

X^[xA ^o) • 

Now the tensor product X®Y of graded pair modules X, Y is defined by 

(1.1.3) (x^Yf = ^x'^yj. 

i+j=n 

This defines a monoidal structure on the category of graded pair modules. Morphisms in this category are 
of degree 0. 

For two morphisms f,g:X^Y between graded pair modules, a homotopy H : / ^ ^ is a morphism 
// : Xo — > Fi of degree as in the diagram 

/i 



(1.1.4) 




go 



satisfying /o - go = dH and f\ - g\ ^ Hd. 

A pair algebra Bis a monoid in the monoidal category of graded pair modules, with multiplication 

12 : B^B B. 

We assume that B is concentrated in nonnegative degrees, that is B" = for n < 0. 
A left B-module is a graded pair module M together with a left action 

H : B^M -> M 

of the monoid B on M. 

More explicitly pair algebras and modules over them can be described as follows. 

(1.1.5) Defxnition. a pair algebra B is a graded pair 

d-.Bi^Bo 

in Mod with B" = BJ] = for n < such that Bq is a graded algebra in Mod, Bi is a graded Bo-Bo-bimodule, 
and 5 is a bimodule homomorphism. Moreover for x, y e Bi the equality 

dix)y = xdiy) 

holds in Bi. 

It is easy to see that there results an exact sequence of graded Bo-Bo-bimodules 

^ TTiB ^ Bi Bo ^ TToB ^ 

where in fact ;roB is a A-algebra, niB is a ;roB-;roB-bimodule, and Bq — > no{B) is a homomorphism of 
algebras. 



1.1. MODULES OVER PAIR ALGEBRAS 



3 



(1.1.6) Definition. A (left) module over a pair algebra B is a graded pair M = (d : Mi — > Mq) in Mod 
such that Ml and Mq are left Bo-modules and d is Bo-linear. Moreover a Bo-hnear map 

ju : Bi®B(,Mo Ml 

is given fitting in the commutative diagram 

Bi ®= Ml Bi Mo 




where fi{b ®m) - d{b)m for b e Bi and m e Mi U Mq. 

For an indeterminate element x of degree n = |x| let B[x\ denote the B-module with B[x], consisting 
of expressions bx with b e B,-, j = 0, 1, with bx having degree \b\ + n, and structure maps given by 
d{bx) = d{b)x, nib' ® bx) = (b'b)x and j2(b' ® Z7x) = (b'b)x. 

A free B-module is a direct sum of several copies of modules of the form B[x], with x e / for some set 
/ of indeterminates of possibly different degrees. It will be denoted 



B[/] = 0B[x]. 



X€l 

For a left B-module M one has the exact sequence of Bo-modules 

-> ;riM -> Ml -> Mo ^ ;roM 

where ttoM and ttiM are actually TroB-modules. 

Let B-Mod be the category of left modules over the pair algebra B. Morphisms / = (/q, fi):M—>N 
are pair morphisms which are B-equivariant, that is,/o and fi are Bo-equivariant and compatible with jl 
above, i. e. the diagram 

Bi ®B„ Mo — Ml 
/i 

Bi No Ni 

commutes. 

For two such maps f,g:M^Na track H : / ^ g is a degree zero map 
(1.1.7) H:Mo^Ni 

satisfying fo- go = dH and fi - gi = Hd such that H is Bo-equivariant. For tracks H : f g, K : g h 
their composition KaH : f => his K + H. 

(1.1.8) Proposition. For a pair algebra B, the category B-Mod with the above track structure is a 
well-defined additive track category. 

Proof. For a morphism f - (fo,fi) : M —> N between B-modules, one has 

Aut(/) = {// e HomB„(Mo, Ni)\dH^fo- fo, Hd = f - f) = Hom^^eiM ttiN). 

Since this group is abelian, by [6] we know that B-Mod is a linear track extension of its homotopy category 
by the bifunctor D with D{M, N) = Hom^„B(^o^. ^i AO- It thus remains to show that the homotopy category 
is additive and the bifunctor D is biadditive. 

By definition the set of morphisms [M, A'] between objects M, A' in the homotopy category is given by 
the exact sequence of abehan groups 

HomB„(Mo,Afi) ^ UomBiM,N) -» IM,N]. 
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This makes evident the abelian group structure on the hom-sets [M, AT). BUinearity of composition follows 
from consideration of the commutative diagram 

Hom/,„(Mo, Niy^RomgiN, P) e Hom^CM, N)®RomB,{NQ, Pi) Hom/,„(Mo, Pi) 



Hom^CM, AO ® HomsCAT, P) > Hom^CM, P) 



[M,N]S>[N,P] ^[M,P] 

with exact columns, where n{H®g + f®K) = g\H + Kfo. It also shows that the functor B-Mod — > B-Mod~ 
is linear. Since this functor is the identity on objects, it follows that the homotopy category is additive. 

Now note that both functors no, n\ factor to define functors on B-Mod~. Since these functors are 
evidentiy additive, it follows that D = Yiom„^B{^o, ^i) is a biadditive bifunctor. □ 

(1.1.9) Lemma. IfM is a free B-module, then the canonicalmap 

[M,Ar| Hom^roflC^oM, ^oAO 

is an isomorphism for any B-module N. 

Proof. Let be a free generating set for M. Given a 7ro(B)-equivarianthomomorphism/ : noM — > 
ttqN, define its lifting / to M by specifying f(gi) = n,-, with ni chosen arbitrarily from the class filgi]) = 
[nil 

To show monomorphicity, given f : M N such that nof = 0, this means that im /o c imc?, so we 
can choose H(gi) e A'l in such a way that dH(gi) = foigd- This then extends uniquely to a Bo-module 
homomorphism H : Mq Ni with dH = /o; moreover any element of Mi is a Unear combination of 
elements of the form big, with bi e Z?i, and for these one has Hd(b\gi) - H(d(b\)gi) - d(b\)H(gi). But 
fiibigi) = bifoigi) = b\dH{gi) = d{b\)H{gi) too, so Hd - f\. This shows that / is nuUhomo topic. □ 

1.2. S-structure 

(1.2.1)Definition. The iwipens'JonSX of a graded object X = (Z")„gz is given by degree shift, (2X)" = 

Let S : X — > YX be the map of degree 1 given by the identity. If X is a left A-module over the graded 
algebra A then XY is a left A-module via 

(1.2.2) a-2:x = (-l)l''IS(a-x) 

for a e A, X G X. On the other hand if X is a right A-module then (Sx) • a = S(x • a) yields the right 
A-module structure on UC. 

(1.2.3) Definition. A "L-module is a graded pair module X = (5 : Xi — > Xq) together with an isomor- 
phism 

cr : jiiX = 2;r()X 

of graded fc-modules. We then call cr a Y.-structure of X. A 2;-map between S-modules is a map / between 
pair modules such that cr(nif) - I.(nof)o-. If X is a pair algebra then a S-structure is an isomorphism of 
TToX-TToX-bimodules. If X is a left module over a pair algebra B then a S-structure of X is an isomorphism 
cr of left ;roB-modules. Let 

(B-Mod)^ c B-Mod 
be the track category of B-modules with S-structure and S-maps. 

(1 .2.4) Lemma. Suspension of a B-module M has by (1 .2.2) the structure of a B-module and SM has a 

'L-structure if M has one. 

Proof. Given cr : niM = 'LttqM one defines a Z-structure on EM via 

TTiSM = SttiM ^ EEttoM = EttoSM. 

□ 
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Hence we get suspension functors between track categories 

fi-Mod — ^ fi-Mod 

(B-Mod)^ (B-Mod)^. 

(1.2.5) Lemma. The track category (B-Mod)^ is h-additive in the sense c»/[4], with L = or as 

well W-additive, with R = 2. 

Proof. The statement of the lemma means that the bifunctor 

D{M, N) = Aut(OM,A') 

is either left- or right-representable, i. e. there is an endofunctor L, respectively R of (B-Mod)^ and a 
binatural isomorphism D(M,yV) s [LM,yV], resp. D{M,N) = [M,RN]. 

Now by ( 1 . 1 .7), a track in Aut(OM,iv) is a Bo-module homomorphism H : Mq Ni with dH = Hd = 0; 
hence 

DiM,N) = Uom„^BinoM,niN) = Uora„„Bino^~^M,noN) = Uom„^BinoM,no^N). 

□ 

(1.2.6) Lemma. IfB is a pair algebra with ^.-structure then each free B-module has a ^.-structure. 
Proof. This is clear from the description of free modules in 1 . 1 .6. □ 

1.3. The secondary differential over pair algebras 

For a pair algebra B with a S-structure, for a E-module M over B, and a module A' over B we now 
define the secondary differential 

J(2) : Ext;/7roM,;roAO ^ Ext«;J(;roM,;riAO. 

Here d(2) - d(2)(M, N) depends on the B-modules M and A'^ and is natural in M and A'^ with respect to maps 
in (B-Mod)^. For the definition of d(2) we consider secondary chain complexes and secondary resolutions. 
In [4] such a construction was performed in the generality of an arbitrary L-additive track category. We 
will first present the construction of d(2) for the track category of pair modules and then will indicate how 
this construction is a particular case of the more general situation discussed in [4]. 

(1.3.1) Definition. For a pair algebra B, a secondary chain complex M, in B-Mod is given by a diagram 
of the form 




where each M„ - ((9„ : M„j — > M„ o) is a B-module, each d„ = id„fi, d„^\) is a morphism in B-Mod, each 
Hn is Bfl-hnear and moreover the identities 

d„fld„+\fl - dnHn 
dn, ldn+1,1 - Hndn+2 

and 

Hnd„+2,o = d„^iH„+i 

hold for all n e Z. We thus see that in this case a secondary complex is the same as a graded version of a 
multicomplex (see e. g. [13]) with only two nonzero rows. 
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One then defines the total complex Tot(M.) of the form 

... <- M„_i,o e M„_2,i < M„,o e M„_i,i < M„+i,o e M„,i «- ... 

Cycles and boundaries in this complex will be called secondary cycles, resp. secondary boundaries of 
M,. Thus a secondary n-cycle in M, is a pair ic,j) with c e M„_o, 7 6 Mn-\,\ such that i/„-i,oc = 5„-iy, 
//„_2C = <i„-2,i7 and such a cycle is a boundary ifl" there exist b € M„+i_o and yS e M„4 with c = d„fib + d,fi 
and y - i/„_ \b+d„-\,\P. A secondary complex M. is called exact if its total complex is, that is, if secondary 

cycles are secondary boundaries. 

Let us now consider a secondary chain complex M. in B-Mod. It is clear then that 

TTqM. : ... noMn+2 * ^O^n+l > ^oMn > ^oM„_i ... 

is a chain complex of ;ro^-nio<iules. The next result corresponds to [4, lemma 3.5]. 

(1.3.2) Proposition. Let M, be a secondary complex consisting ofL-modules and "L-maps between 
them. If TToiM,) is an exact complex then M, is an exact secondary complex. Conversely, if tiqM, is 
bounded below then secondary exactness ofM, implies exactness ofnoM,. 

Proof. The proof consists in translating the argument from the analogous general statement in [4] to 

our setting. Suppose first that noM, is an exact complex, and consider a secondary cycle (c, y) E M„fl © 
Mn-i,i, i. e. one has dn-i,oc = dn-iy and Hn-ic = dn-i,iy. Then in particular [c] e 7roM„ is a cycle, so there 
exists \bi] e noM„+\ with [c] = noid„)[b]. Take b € [b], then c - dn^b = d,fi for someyS e M„+ij. Consider 
6 = y-Hn-\b-dn-\,\l3. Onehas(?„_i5 = dn-\y-d„-]Hn-\b-dn-\dn-\,\l3 = dn-\fic-d„-]fid„fib-dn-\fid„li = 

0, so that 6 is an element of 7TiM„. Moreover d„-2,\6 - dn-i,iy - d„-2,iH„-ib - i/„_2,ii/„-i,i>S - Hn-ic - 
Hn-idnfib - H„-2d„p = 0, i. e. (5 is a cycle in m M, . Since by assumption uqM, is exact, taking into account 
the E-structure n\M, is exact too, so that there exists ^ e niM„ with 5 - d„-\ \^. Define p - p + ili. Then 
dnfib+dJS - d„fib+d,^ - c since ij/ G ker5„. Moreover d„_i4^ - dn-i,ili+dn-i,nl/ - d„-i^iP+6 = y-Hn-ib, 
which means that (c, y) is the boundary of {b,P). Thus M. is an exact secondary complex. 

Conversely suppose M, is exact, and noM, bounded below. Given a cycle [c] e 7ro(M„), represent it by 
ace M„fi. Then nod„-i [c] = implies d„-ific e im d„-i, so there is a y e M„_i4 such that dn-i^c - d„-\y. 
Consider co = d„-2,iy - H„.2C. One has d„-2a) = 5„_2<i„-2,ir - 5„_2//„-2C = d„-2fld„-iy - d„-2fld„-\flC = 0, 

1. e. wis an element of 7riM„_2- Moreover c/„_3iw — d„-i^\d„-2,\'y - dn-T,,\Hn-2C — Hn-idn-\y - Hn--id„f)C - 
0, so w is an-2-dimensionalcyclein7riM.. Using the E- structure, this then gives a «-3-dimensional cycle 
in uqM,. Now since ttqM, is bounded below, we might assume by induction that it is exact in dimension 
n - 3, so that w is a boundary. That is, there exists a e Ji\Mn-\ with d„-2,\(x - (±>. Define y - y - a\ 
then one has d„-2,\y - d„-2,\y - d„-2,ia - d„-2,iy - a) = H„-2C. Moreover dn-if = dn-iy = dn-i^c since 
a € ker(5)n - 1. Thus (c.y) is a secondary cycle, and by secondary exactness of M, there exists a pair 
ib,P) with c = d„fib + d„p. Then [c] = noid„)[b], i. e. c is a boundary. □ 

(1.3.3) Definition. Let B be a pair algebra with S-structure. A secondary resolution of a S-module 




where each F„ - (d„ : Fn\ — > F„q) is a free B-module. 

It follows from 1.3.2 that for any secondary resolution F, of a B-module M with E-structure, tiqF, will 
be a free resolution of the nQB-vao6x\\e n^M, so that in particular one has 

^KA^oM, U) = H" HominoF., U) 

for all n and any TroS-module U. 
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(1.3.4) Definition. Given a pair algebra B with S-structure, a S-module M over B, a module A'^ over B 
and a secondary resolution F, of M, we define the secondary differential 

d(2) : Ext;;„g(;roM,7roA') ^ Ext;;^|(;roM,;riAO 

in the following way. Suppose given a class [c] E Ext"^g(7roA^, t^qN). First represent it by some element 
in Hom;r„B(7ro/^„,7roA^) which is a cocycle, i. e. its composite with noidn) is 0. By 1.1.9 we know that the 
natural maps 

[F„,N] ^ Hom„„B(noF,noN) 

are isomorphisms, hence to any such element corresponds a homotopy class in [F„,N] which is also a 
cocycle, i. e. value of [dn, N] on it is zero. Take a representative map c : F„ N from this homotopy class. 
Then cd„ is nuUhomotopic, so we can find a Bo-equivariant map H : F„+i_o — > N\ such that in the diagram 




Fn+2fi — — ^ F„+\ o — ; s- F„ o s- A^o. 



one has co<in,o = dH, cidn,\ = Hdn+i and dci = co5„. Then taking F = ci//„ - Hdn+ifi one has 5F = 0, 
Td„+2 = 0, so F determines a map F : coker5„+2 — > ker5, i. e. from noF„+2 to ;riA'^. Moreover r;ro(<i„+2) = 
0, so it is a cocycle in ¥lom{noiF,), niN) and we define 

d(2)\.c] = [f] € Ext;^J(;roM,;riiV). 

(1.3.5) Definition. Let M and be B-modules with S-structure. Then also all the B-modules S^M, 
E*A^ have 2-structures and we get by 1.3.4 the secondary difi'erential 

Ext;; „(;roM, noI^'N) W^^aO ^ Ext":J(;roM, ;riS*JV) 



In case the composite 

Ext"J(7ToM, l.'-'7ToN) ^ Ext«^^(7roM, Y^n^.N) ^ Exi^HinQM, ll^^'n^N) 
vanishes we define the secondary Ext-groups to be the quotient groups 

Ext^(M,Af)* :=ker(//imc/. 

(1.3.6) Theorem. For a 'L-algebra B, a B-module M with 1,-structure and any B-module N, the sec- 
ondary differential d(2) in 1.3.4 coincides with the secondary differential 

d^2) : Exf^{M,N) Exf^^^{M,N) 

from [4, Section 4J as constructed for the L-additive track category (B-Mod)^ in 1.2.5, relative to the 
subcategory b of free B-modules with a = b~. 

Proof. We begin by recalling the appropriate notions from [4] . There secondary chain complexes A, = 
{An, dn, 6n)nez are defined in arbitrary additive track category B. They consist of objects A„, morphisms 
dn '. An+i — » An and tracks (5„ : d„dn+i =^ 0a„^2A„' « g Z, such that the equality of tracks 

Sndn+2 — dn6n+l 

holds for all n. For an object X, an X-valued n-cycle in a secondary chain complex A, is defined to be a 
pair (c, y) consisting of a morphism c : X — > A„ and a track y : d„-ic => Ox,a„_i such that the equaUty of 
tracks 

6„-2C - d„-2y 
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is satisfied. Such a cycle is called a boundary if there exists a map : X — > A„+i and a track /3 : c d„b 
such that the equality 

y = 5n-\bndn-\l3 

holds. A secondary chain complex is called X-exact if every X- valued cycle in it is a boundary. Similarly it 
is called \i-exact, if it is X-exact for every object X in b, where b is a track subcategory of B. A secondary 
b-resolution of an object A is a b-exact secondary chain complex A, with An — for n < -I, A_i — A, 
A„ e b for n ?t -1; the last differentials will be then denoted cZ-i = e : Aq — > A, 6-\ - e : edo OaiA ^i^d 
the pair {e, e) will be called augmentation of the resolution. It is clear that any secondary chain complex 
{A,,d,,6,) in B gives rise to a chain complex (A,, [t/.l), in the ordinary sense, in the homotopy category 
B~ of B. Moreover if B is E-additive, i. e. there exists a functor L and isomorphisms Aut(Ox,i') = 7], 
natural in X, Y, then b-exactness of {A,,d„ 6.) implies b~-exactness of (A., \d,Y) in the sense that the chain 
complex of abelian groups {X, (A,, [d,])] will be exact for each X e b. In [4], the notion of b~ -relative 
derived functors has been developed using such b~ -resolutions, which we also recall. 

For an additive subcategory a = b~ of the homotopy category B~, the a-relative left derived functors 
L^F, n > 0, of a functor F : B~ — > jz/ from B~ to an abelian category s^/ are defined by 

{hlF)A = Hn{F{A.)\ 

where A, is given by any a-resolution of A. Similarly, a-relative right derived functors of a contravariant 
functor F : B?" — > ^ are given by 

(R»F)A = H"(F(A.)). 

In particular, for the contravariant functor F = [_, B] we get the a-relative Ext-groups 

Ex^(A,B) := (R«[.,B])A = //"([A.,B]) 

for any a-exact resolution A, of A. Similarly, for the contravariant functor Aut(0__B) which assigns to an 
object A the group Aut(OA,B) of all tracks a : Oa,b => Oa,b from the zero map A —¥ * —> Bto itself, one gets 
the groups of a-derived automorphisms 

Aut^(A,B):=(R;;Aut(0.,B))(A). 

It is proved in [4] that under mild conditions (existence of a subset of a such that every object of a is a 
direct summand of a direct sum of objects from that subset) every object has an a-resolution, and that the 
resulting groups do not depend on the choice of a resolution. 

We next recall the construction of the secondary differential from [4]. This is the map of the form 

d(2):Ext^(A,B)^Aut^(0A,B); 

it is constructed from any secondary b-resolution {A,,d„ S„ e, e) of the object A. Given an element [c] € 

Extl(A, B), one first represents it by an «-cocycle in [(A., [d,]), B], i. e. by a homotopy class [c] € [A„, B] 
with [cd„] = 0. One then chooses an actual representative c : A„ — > of it in B and a track y : Q =^ cdn. 
It can be shown that the composite track F = c6„nyd„+\ e A\x\.{Qa,+2,b) satisfies F<i„+i = 0, so it is an 
(n + 2)-cocycle in the cochain complex Aut(0(A.,[<i.]),B) = f(21A,, \l.d,]),B'\, so determines a cohomology 
class d{2){\c\) = [F] e Ext^^^CSA, B). It is proved in [4, 4.2] that the above construction does not indeed 
depend on choices. 

Now turning to our situation, it is straightforward to verify that a secondary chain complex in the sense 
of [4] in the track category B-MoA is the same as the 2-complex in the sense of 1.3.1, and that the two 
notions of exactness coincide. In particular then the notions of resolution are also equivalent. 

The track subcategory b of free modules is generated by coproducts from a single object, so b~- 
resolutions of any fi-module exist. In fact it follows from [4, 2.13] that any fi-module has a secondary 
b-resolution too. 

Moreover there are natural isomorphisms 

Aut(OM,A?) = Hom;roB(^o^^,'riAO. 



Indeed a track from the zero map to itself is a Bo-module homomorphism H : Mq Ni with dH = 0, 
Hd = 0, so factors through Mq -» noM and over mN >-> A^i . 

Hence the proof is finished with the following lemma. □ 



1.3. THE SECONDARY DIFFERENTIAL OVER PAIR ALGEBRAS 
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(1.3.7) Lemma. For any B-modules M, N there are isomorphisms 

Ex^(M,AO = Ext«„B(;roM,;roAO 

and 

(R^(Hom,„B(7ro(-),7ri^)))(M) - Extl^s{nQM,n,N). 

Proof. By definition the groups Ext*(M,A^), respectively (Ra(Hom5(|(;j-o(-).^iA')))(A^), are cohomol- 
ogy groups of the complex [F.,N], resp. Hom^r^sC^roCF.), ;riAO, where F, is some a-resolution of M. We 
can choose for F, some secondary b-resolution of M. Then tiqF, is a free ;r()B-resolution of n^M, which 
makes evident the second isomorphism. For the first, just note in addition that by 1.1.9 [_F,,N\ is isomor- 
phic to Homs„(;ro(F.), uqN). □ 



CHAPTER 2 



The pair algebra ^ of secondary cohomology operations 

The algebra of secondary cohomology operations is a pair algebra with E-structure which as a Hopf 
algebra was explicitly computed in [3]. In particular the multiplication map Aoi S§ was determined in [3] 
by an algorithm. In this chapter we recall the topological definition of the pair algebra and the definition 
of the multiplication map A. The main results of this work will provide methods for the computation of A 
or its dual multiplication map A,. In terms of A we express the secondary Ext-groups Ext^ over the pair 
algebra ^. This yields the computation of the Es-term of the Adams spectral sequence in the next chapter. 



2.1. The track category of spectra 

In this section we introduce the notion of stable maps and stable tracks between spectra. This yields 
the track category of spectra. See also [3, section 2.5]. 

(2.1.1) Defeshtion. a spectrum X is a sequence of maps 

in the category Top* of pointed spaces. This is an Q-spectrum if r is a homotopy equivalence for all i. 

A stable homotopy class f : X —¥ Y between spectra is a sequence of homotopy classes fi e [X„ F,] 
such that the squares 



fi 



Xi 



Q.Xi+1 *- Q.Yi+1 

commute in Top*^. The category Spec consists of spectra and stable homotopy classes as morphisms. Its 
full subcategory Q-Spec consisting of Q-spectra is equivalent to the usual homotopy category of spectra 
considered as a Quillen model category. 

A stable map f = (fi, fi)i : X — > 7 between spectra is a sequence of diagrams in the track category 

[Topi a € z) 



Xi' 



fi 



Yi 



ax, 



i+l 



QYi 



i+l- 



Obvious composition of such maps yields the category 

[SpecJo. 

It is the underlying category of a track category |[Spec]l with tracks (H : f =^ g) € JSpec]], given by 
sequences 



Hi : fi =^ gi 
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of tracks in Top* such that the diagrams 



g, 




paste to I, . This yields a well-defined track category |[Spec|. Moreover 

[Spec]]^ = Spec 

is an isomorphism of categories. Let [X, FJ be the groupoid of morphisms X ^ Y |[Spec|Q and let 
\X, FJj be the set of pairs (/, H) where / : X — > F is a map and //:/=> is a track in |[Spec]), i. e. a 
stable homotopy class of nuUhomo topics for /. 

For a spectrum X let be the shifted spectrum with = Xn+k and the connmutative diagram 

0X)n D.0X)n^i 
Xn+k — ^ ^iX„+k+l) 

defining r for A map f : Y ^ is also called a map / of degree k from Y to X. 



2.2. The pair algebra ^ and secondary cohomology of spectra as a ^-module 

The secondary cohomology of a space was introduced in [3, section 6.3]. We here consider the corre- 
sponding notion of secondary cohomology of a spectrum. 

Let F be a prime field ¥ -Z/pZ and let Z denote the Eilenberg-Mac Lane spectrum with 

Z" = Ki¥,n) 

chosen as in [3]. Here Z" is a topological F- vector space and the homotopy equivalence Z" — > OZ""^' is 
F-hnear. This shows that for a spectrum X the sets |x, S*zJ^ and |x,E*zJj, of stable maps and stable 
0-tracks repectively, are F-vector spaces. 

We now recall the definition of the pair algebra ^ - (d : ^ ^o) of secondary cohomology 
operations from [3]. Let G = Z/p^Z and let 

^0 = ToiE^) 
be the G-tensor algebra generated by the subset 

^ ^|{Sq',Sq2,...} for/, = 2, 

||p\p2,...}u{;6,jSPi,jSP2,...} for odd p 
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of the mod p Steenrod algebra . We define ^\ by the puUback diagram of graded abehan groups 

Y 

=^1 >|[Z,rZ]|0 

(2.2.1) d a 

y, 

in which the right hand column is an exact sequence. Here we choose for a e Egi a stable map s{d) : 
Z l}''^Z representing a and we define s to be the G-linear map given on monomials ai • • • a„ in the free 
monoid Mon{E^) generated by Ej^ by the composites 

■■■a„) - s(ai) ■ ■ ■ s{a„). 

It is proved in [3, 5.2.3] that s defines a pseudofunctor, that is, there is a well-defined track 

r : s(a ■ b) => s{a) o s{b) 

for a,b & 3§Q such that for any a, b, c pasting of tracks in the diagram 




s{a-b-c) 



yields the identity track. Now is a ^o-.^o-bimodule by defining 

a{b, z) - {a ■ b,a • z) 
with a • z given by pasting s{a)z and F. Similarly 

{b, z}a = (b ■a,z»a) 

where z • a is obtained by pasting zsia) and T. Then it is shown in [3] that ^ = {8:^1^ ^o) is a 
well-defined pair algebra with ttq^ = -s/ and S-structure = S^. 
For a spectrum X let 

be the free =^o-niodule generated by the graded set S'ZJo. We define JfiX)\ by the puUback diagram 

I,H*X 
Y 

jfix)i >Krzi? 

d a 
^(X)o^^KS*Z]|o 



H*X 
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where s is the G-Unear map which is the identity on generators and is defined on words a\---an • m by 
the composite s{a\) ■ ■ ■ s(a„)s(u) for a, as above and u e ^X, S'ZJq. Again i is a pseudofunctor and with 
actions • defined as above we see that the graded pair module 

is a ^-module. We call J^{X) the secondary cohomology of the spectrum X. Of course ^{X) has a 
S-structure in the sense of 1.2.3 above. 

(2.2.2) Example. Let be the ^-module given by the augmentation ^ ^ in [3J. Recall that G^ 
is the pair 

G^ = e SF G j 

with d\p the inclusion nad ^I^f = 0. Then the sphere spectrum S " admits a weak equivalence of ^-modules 

Jf(5°) ^ G^. 

Compare [3, 12.1.5]. 



CHAPTER 3 



Computation of the E3-term of the Adams spectral sequence as a 

secondary Ext-group 

We show that the E^-lcim of the Adams spectral sequence (computing stable maps in [Y, X}*) is given 
by the secondary Ext-groups 

E^iZX) = Ext^(^X, .if 7). 

Here J^X is the secondary cohomology of the spectrum X which is the ^-module if X is the sphere 
spectrum 5". This leads to an algorithm for the computation of the group 

E3(5'',5°) = Ext^(G^,G^) 

which is a new exphcit approximation of stable homotopy groups of spheres improving the Adams approx- 
imation 

E2(5°,5'') = Ext,/(RF). 

An implementation of our algorithm computed E3 (5 ° , 5 " ) by now up to degree 40 . In this range our results 
confirm the known results in the literature, see for example the book of Ravenel [16]. 

3.1. The E3-term of the Adams spectral sequence 

We now are ready to formulate the algebraic equivalent of the Es-term of the Adams spectral sequence. 
Let X be a spectrum of finite type and Y a finite dimensional spectrum. Then for each prime p there is a 
spectral sequence E» = E,(F,X) with 

E, ^[y,rx]p 

E2 =Ext^(J¥*X,ff*F). 

(3.1.1) Theorem. The E^-term E3 = Ei{Y,X) of the Adams spectral sequence is given by the secondary 
Ext group defined in 1.3.5 

E3=ExtsgiJfX,J^*Y). 

(3.1.2) Corollary. IfX and Y are both the sphere spectrum we get 

E3(5'',5'') =Ext<^(G^,G^). 

Since the pair algebra ^ is computed in [3] completely we see that E3(5*', 5") is algebraically deter- 
mined. This leads to the algorithm below computing £3(5", 5"). 

The proof of 3.1.1 is based on the following result in [3]. Consider the track categories 

b c [Specl 

b' c (.SS'MoAf 

where |[Spec| is the track category of spectra in 2.1.1 and (^-Mod)^ is the track category of ^-modules 
with S-structure in 1.2.3 with the pair algebra ^ defined by (2.2.1). Let b be the full track subcategory of 
l[Spec| consisting of finite products of shifted Eilenberg-Mac Lane spectra 2*Z*. Moreover let b' be the 
full track subcategory of (^-Mod)^ consisting of finitely generated free ^-modules. As in [4, 4.3] we 
obtain for spectra X, F in 3.1.1 the track categories 

{F,X)bc|[Spec] 

\i'{M'X,M'Y] c {S8-MoAf 

15 



16 



3. COMPUTATION OF THE E3-TERM OF THE ADAMS SPECTRAL SEQUENCE AS A SECONDARY Ext-GROUP 



with [Y, X}h obtained by adding to b the objects X, Y and all morphisms and tracks from IX, ZJ, [F, ZJ for 
all objects Z in b. It is proved in [3, 5.5.6] that the following result holds which shows that we can apply 
[4,5.1]. 

(3.1.3) Theorem [3]. There is a strict track equivalence 

({F,Z}b)°P ^ h'i^X, M'Y\. 

□ 



Proof of 3. 1 . 1 . By the main result 7.3 in [4] we have a description of the differential <i(2) in the Adams 
spectral sequence by the following commutative diagram 



Ext?„p(x,y)" 



d(2) 



m+1 



Ext^(//%//*y)" 



-T" 4.n+2 { zj* V zj* v\m+ 1 



Exf-t^H'XM'Y)" 



where a = b~. On the other hand the differential d(2) defining the secondary Ext-group Extag(JfX, JfY) 
is by 1.3.6 given by the coimnutative diagram 



Ext" iJifX,JfY)" 



-^Ext'i:\jfX,J^Y)' 



m+1 



Exf^iH*X, H*Y)"' ^ Ext''^^(H*X, H*YT^^ 

where a' = bl,. Now [4, 5.1] shows by 3.1.3 that the top rows of these diagrams coincide. □ 

3.2. The algorithm for the computation of cIq,) on Ext^(F, F) in terms of the multiplication maps 

Suppose now given some projective resolution of the left .g/ -module F. For definiteness, we wiU work 
with the minimal resolution 

(3.2.1) F ^ ^ {gfi ^ ^ {gf \n>0)^^ {gi^^' I \i - j\ ^ l) ^ 

where <i > m, is a generator of the m-th resolving module in degree d. Sometimes there are more than 
one generators with the same m and d, in which case the further ones will be denoted by "g"^, ■ ■ ■ . 

These generators and values of the differential on them can be computed effectively; for example, 
digf) = Sq^" gQ and <i(g™) = Sq' g^lj; moreover e. g. an algorithm from [9] gives 

digt) = Sq'g\+Sq^gi 
d(gl) = Sq'g\+Sq^Sq'gl + Sq'g', 
d{gl) = Sq^g\ + {SqUSq'Sq')gt 
d{gl) = Sq« ^1 + (Sq5 + Sq^ Sqi)^^ + Sq' gl 
d{gf) = (Sq» + Sq' Sq2 Sqi)^^ + ^g^s g^i + ^^4 5^2)^4 ^ 3^2 ^8 

digl^) = (Sq>2 + Sq9 Sq2 Sq^ + Sq« Sq^ Sqi)^^ + (Sq« + Sq^ Sq> + Sq^ Sq^)^^ 

d(gt)^Sq'gl + Sq^gt + Sq'gl 
digl'^) = Sq^ gl + (Sq5 + Sq4 Sq')^^ ^ g^l ^9 
d(gl') - (Sq^ + Sq4 Sq2 Sq')^^ + Sq" gl + Sq^ Sq' gl 

d(gl^) = Sq** g'2 + (Sq" Sq' + Sq^ Sq^)^^ ^ ^3^4 ^ 3^3 3^1)^8 ^ 3^3 ^9 ^ 3^2 ^10 
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disl') = Sq' ^3 + (Sq' + Sq" Sq')g° + Sq' g^" 
digl^) = Sq« Sq2 gl + (Sq^ + Sq^ Sq^ Sq')gl + Sq^ Sq> + Sq^ g^ 



,8 „3 



-,4 c.„l^„6 



,1 „io 



d(^i^) = Sq'^g: + Sq^Sq^gy+Sq^^i 



J(gr) = Sql^^ + Sq2Sq'gl' 



12 „4 , c^4 c^l „11 , c^3 „13 



«f(^6') = Sq"55 + V55 



11 „5 , c„2 „14 



etc. 



By understanding the above formulae literally (i. e. by applying x degreewise to them), each such 
resolution gives rise to a sequence of ^-module homomorphisms 



(3.2.2) 



^ ^{gf \n>0) ^S§{gl'^' 1 1; - ;| ^ l) 



which is far from being exact — in fact even the composites of consecutive maps are not zero. In more 
detail, one has commutative diagrams 



■0- 



in degree 0, 



F 



(0,e) 



in degree 1, 
0- 

0- 



■ « ® ^'sl ^ {rW. ® R%g';) ® ^'g\ ^ R%8l ^ 



2„0 



in degree 2, ... 



Id 0\ 

■R"^g'(B^"-'g''^ 



e2.<„^s''^f®e2.<„-i^"-'-'''^r 







in„0 



©2'<n "^0 ^ ^1 



in degree n, etc. 

Our task is then to complete these diagrams into an exact secondary complex via certain (degree 
preserving) maps 

Sm = (^5) ■ {8l,2 I n) ^ (Rsg ® 2^) {gl I «> ■ 

Now for these maps to form a secondary complex, according to 1.3.1.1 one must have 36 = dodo, 
58 = d\du and di5 - 5do. One sees easily that these equations together with the requirement that 5 be left 
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<^o-niodule homomorphism are equivalent to 

(3.2.3) (5* = dd, 

(3.2.4) S^'ibg) = n{b)6''{g) + A{n{b), dd{g)), 

(3.2.5) dd"^ = S'^d, 

for b 6 .^i'o, g one of the g"^, and A{a, rg) := A{a, r)g for a e r e R^g. Hence 6 is completely determined 
by the elements 

(3.2.6) ^^teL2)e0^"~'=-^(gi) 

k 

which, to form a secondary complex, are only required to satisfy 

d6i{gl,2)=6^_,d{gl,^), 

where on the right is extended to SSq {Sm+i) 3.2.4. Then furthermore secondary exactness must 
hold, which by 1.3.1 means that the (ordinary) complex 

^ -^0 e {Rgg ® E^) (g;_2) ^ ^0 {gV) © (Rss ® 2^) ^ ^0 ® (Rs^ ® s^) <^;) ^ 

with differentials 

is exact. Then straightforward checking shows that one can eliminate R^g from this complex altogether, so 
that its exactness is equivalent to the exactness of a smaller complex 

with differentials 

Note also that by 3.2.4 S"^ factors through n to give 

It follows that secondary exactness of the resulting complex is equivalent to exactness of the mapping cone 
of this 6, i. e. to the requirement that 5 is a quasiisomorphism. On the other hand, the complex (^ (^*) , d^ 
is acycUc by construction, so any of its self-maps is a quasiisomorphism. We thus obtain 

(3.2.7) Theorem. Completions of the diagram 3.2.2 to an exact secondary complex are in one-to-one 
correspondence with maps 6m '■ £^ {gln+i) ~* '^■^ (Sm) satisfying 
(3.2.8) d6g = 6dg, 

with 6(ag) for a € of defined by 

6{ag) = a6{g)-\-A{a,ddg) 
where A{a, rg)for r e Rag is interpreted as A{a, r)g. 

□ 

Later in chapter 9 we wiU need to dualize the map 6. For this purpose it is more convenient to refor- 
mulate the conditions in 3.2.7 above in terms of commutative diagrams. 
Let 

denote the free graded G-module spanned by the generators gp, so that we can write 

^o{gl I q>o) = ^o®Wp. 
The differential in the .^-hfting of (3.2.1), being <^-equivariant, is then given by the composite 

^0 ® Wp+i — > ^0 ® ^0 ® Wp > £§0 (g) Wp, 
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where 

is the restriction of this differential to the generators. As a linear operator, this d is given by the same 
matrix as the one giving the operator of the same name in (3.2.1), i. e. it is obtained by applying the map;^' 
componentwise to the latter. 
Moreover let us denote 

Vp = Wp®V, 

so that similarly to the above the differential of (3.2. 1) itself can be given by the same formulae, with in 
place of B§Q and Yp in place of Wp. Then by 3.2.7 the whole map 6 is determined by its restriction 

5"^ ■■ Vp^2^^s^®Vp 

(cf. (3.2.6)). Indeed 3.2.7 implies that 6 is given by the sum of the two composites in the diagram 



^ ® ® Vr, 



(3.2.9) 




A®1 



Here we set (p = dd®V, where the map dd is the composite 

Wp+2 ^ ^0 ® Wp^i — * ^Q®^Q®Wp > ^0 ® Wp 

whose image, as we know, lies in 

Rsg^WpdSSo® Wp. 
In other words, there is a commutative diagram 



(3.2.10) 



Wp^i, 

^2, 



Rm®Wp 




R^®Vp 

Then in terms of the above diagrams of F- vector spaces, the condition of 3.2.7 can be expressed as 
follows: 

(3.2.1 1) Corollary. Completions of 3.2.2 to a secondary resolution are in one-to-one correspondence 
with sequences of maps 



< : Vp^i ^ 2^/ ® Vp, p > 
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making the diagrams below commute, with ip defined by (3.2.10). 



(3.2.12) 




□ 

We can use this to construct the secondary resolution inductively. Just start by introducing values of 
6 on the generators as expressions with indeterminate coefficients; the equation (3.2.8) will impose hnear 
conditions on these coefficients. These are then solved degree by degree. For example, in degree 2 one 
may have 

6{gl)^rf^{So,')Sc^'gl 
for some 772(Sq^) e ^ . Similarly in degree 3 one may have 

6{gl) = 4,{S^')Sq'g\+4,{\)g\. 

Then one will get 

ddigl) = TjliSq') Sq' d(g\) + iil(l)d(gl) = //^(Sq') Sq' Sq^ g'^ + Sq^ g» = tjI(1) Sq^ ^ 

and 

6d(gl) = 6(Sq' gj) 

= Sq' 6(gl) + A(Sq' , ddigj)) - Tjl(Sq') Sq' Sq' ^° + A(Sq' , d(Sq' g\)) - A(Sq' , Sq' Sq^ ^°) - 0; 

ffius (3.2.8) forces ?7^(1) = 0. 

Similarly one puts S(g^) = 2m-2<d'<d-i 2a ^i^)ci8m-2' "^^^^ ^ running over a basis in s^'^~^~'^' , and 
then substituting this in (3.2.8) gives linear equations on the numbers rfl^ifl). Solving these equations and 
choosing the remaining 77's arbitrarily ffien gives values of the differential 6 in ffie secondary resolution. 

Then finally to obtain the secondary differential 

d(2) : Ext^(F,F)'" ^ Exf^\¥,F)"'*^ 

from this 6, one just applies ffie functor Hom^(_, F) to ffie initial minimal resolution and calculates the map 
induced by 6 on cohomology of the resulting cochain complex, i. e. on Ext^(F, F). In fact since (3.2. 1) is 
a minimal resolution, the value of Hom^(_, F) on it coincides with its own cohomology and is ffie F- vector 
space of ffiose Unear maps ^ (gl) — > F which vanish on all elements of ffie form agl with a of positive 
degree. 

Let us ffien identify Ext^(F,F) with this space and choose a basis in it consisting of elements gf^ 
defined as ffie maps sending the generator g^ to 1 and all offier generators to 0. One then has 

(^(2)(t^))(4' ) = fjig1n>). 

The right hand side is nonzero precisely when g^ appears in 5(^^',) with coefficient 1, i. e. one has 
(3.2.13) d^2)(gi)= 2 sill 

gi appears in tffej^'j) 

For example, looking at the table of values of 6 below we see ffiat the first instance of a g^ appearing 
with coefficient 1 in a value of 5 on a generator is 

Sigl') = 8\' + Sq'2 g4 + sq'° Sq^ g] + (Sq*^ Sq^ Sq^ + Sq'° Sq^ + Sq" Sq')g\. 

This means 

di2)(g\') ^ gl' 
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and moreover d(2){gtd = for all with d <\1 (one can check all cases for each given d since the number 
of generators g'j^ for each given d is finite). 

Treating similarly the rest of the table below we find that the only nonzero values of d(2) on generators 
of degree < 40 are as follows: 



diDigf) =gf 

d(2)(gf) ^gf 

d^2)igf) ^gf 

d(2)igh =gf 

d(2)igp =ii 

d(2)(Ef) =gf 

d(2)(Ef) =gf 

d(2)(gf) =g^ 

di2)(gp =§1' 

d(2)i'gh =gf 

d(2)(gp = gll 

d(2)igp =gf 

di2Mv =rw- 



These data can be summarized in the following picture, thus confirming calculations presented in Ravenel's 
book [16]. 



• ©•OS' 



•Vo • \ 



■ • 



• ■ • • • • 
■ • ■ • ■ ■ 

• • • • • ■ 

• • • ■ ■ ■ 

...... 



■ • • • 



• ■ • • • 

• • • • • 

• ■ • • ■ 

. • . . . 



• • • 

0\ . • 



• • • 



d - m 



3.3. The table of values of the differential 6 in the secondary resolution for 

The following table presents results of computer calculations of the difl'erential S. Note that it does 
not have invariant meaning since it depends on the choices involved in determination of the multiplication 
map A, of the resolution and of those indeterminate coefficients T/^Ca) which remain undetermined after the 
conditions (3.2.8) are satisfied. The resulting secondary diff'erential d(2) however does not depend on these 
choices and is canonically determined. 
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3. COMPUTATION OF THE E3-TERM OF THE ADAMS SPECTRAL SEQUENCE AS A SECONDARY Ext-GROUP 



6igl) =0 

6{g\) =0 

6{g\) =0 

6{g\) =0 

5{gl) ^SqW 

6igt) =0 

8{g]) =0 

S{g\) =0 

6{gl) =0 

^te?) =0 

5{gf) =0 

5(^10) =(Sq4Sq2Sqi+Sq^)^2 

+ Sq'^J 

<5(^1S) =0 
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6{g\') =(Sq^Sqi+Sq«)g2 
+ Sq«Sq3^j 

6ig\\) =0 

6(gf) =Sq^Sq3gJ 

+(Sq^ + Sq5Sq2)g^ 
+(Sq«+Sq«Sq2)^4 
+(Sq^ Sq^ + Sq^ Sq^ + Sqi°)g^ 

6{g'^) ^Sq^Sq^Sq'g^ 

+(Sq^Sq3 + Sq«Sq2)g3 

-JC^l^) =0 

6{g\^) =0 

+ SqV^i 

+ Sq5^io 
+ SqiOSq2g3 

sisV) =0 

+ Sq'2gl 
+ Sqi°Sq^? 

+(Sq'' Sq"* Sq2 + Sq'" Sq^ + Sq'^ Sq'')^} 

5ig'^) =(Sq^ + Sq^Sq')gii 
+(Sqi2 + Sq"'Sq2)g4 

=0 

6{gf) = (Sq" Sq4 + Sq** Sq^ Sq^ Sc^')g\ 

+(Sq"' Sq4 Sq2 + Sq" Sq^ + Sq^^ Sq'' + Sq" Sq^ + Sq^^)g\ 
6{g\^) =(Sq^Sqi+Sq^)gio 

+(Sq^ Sq^ + Sq'' Sq^ + Sq'')^^ 

+ Sq«Sq4^^ 

+(Sq"' Sq2 Sq' + Sq'^ + Sq" Sq^ + Sq'^ Sq')^^ 
+(Sq' Sq"* Sq2 + Sq'^ + Sq'^ Sq^ + Sq'° Sq^)^^ 
6{g)') =Sq^Sqi^i4 

+(Sq"' + Sq«Sq2)^| 
+ Sq"Sq2g5 

+(Sq'' Sq2 Sqi + Sq'^ Sq' + Sq** Sq'* Sq^ + Sq'" Sq^ Sq^)^^ 
+(Sqi4 Sq2 + Sqio Sq^ Sq^ + Sq^^ Sq^)^^ 

+ Sq^Sq2^12 

+ Sq4Sq2Sq'g^l 

+(Sq'>Sq2 + Sq^)g^o 

H-CSq^Sq'^ + Sq^Sq')^^ 

+(Sq^3 Sq2 + Sqi" Sq^ + Sq^^ + Sq^' Sq'')^^ 
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3. COMPUTATION OF THE E3-TERM OF THE ADAMS SPECTRAL SEQUENCE AS A SECONDARY Ext-GROUP 



6{gf) =0 

6{gf) =(Sql5 + Sq'^Sq4Sq2)g| 

+(Sq'2 Sq^ + Sq'^ Sq'* + Sq"" Sq')^^ 

+(Sq" Sq5 Sq2 + Sq'^ Sq^ + Sq^^ + Sq'^ Sq^)gJ 
6{gf) =Sq4Sq2Sqigi2 

+(Sq^Sqi+Sq^)gi' 

+(Sq"' Sq3 + Sq** Sq"* Sq' + Sq'^ + Sq" Sq^)^^ 
+(Sq'^ Sq^ + Sq'° Sq"* Sq^ + Sq" Sq^ + Sq'^ Sq^)^^ 
6Cgf) =Sq^Sq2gl2 

+ Sq^Sq2^i« 

+(Sq'2 Sq' + Sq'" Sq^^ + Sq** Sq"* Sq' + Sq"' Sq^ Sq' + Sq" Sq^)g^ 
+(Sq'4 Sq2 + Sq'^ Sq^ + Sq" Sq^ + Sq''' + Sq'^ Sq'')^^ 
5{gf) =(Sq^Sq2 + Sq«)^ii 

+(Sq'2 Sq^ + Sq'^ + Sq" Sq'^)^^ 

8{gl') = (Sq'5 Sq2 Sq' + Sq'^ Sq' + Sq'^ Sq'^)^^ 

+(Sq'^ Sq"* Sq2 + Sq'^ Sq"* + Sq'* Sq^ + Sq" Sq^ + Sq'^)^} 
S(gf) -Sq'g\^ 

+(Sq'« + Sq'*Sq')g^« 
+(Sq''Sq3+Sq"Sq')g8 

+(Sq'5 + Sq'^ Sq2 + Sq'° Sq^)^^ 

+(Sq" Sq^ Sq' + Sq^^ Sq^ Sq' + Sq^^ Sq'' + Sq^ Sq'' Sq^ Sq' + Sq'° Sq'' Sq^)^^ 

+(Sq^^ Sq2 + Sq'2 Sq* + Sq'^ Sq^)^^ 

S(gf) =(Sq^ + Sq''Sq')gf 

+(SqVSq**Sq')gi' 
+ Sq"Sq5g4 

Sigf) =Sq'^gt 

H-CSq'* Sq2 Sq' + Sq'^ Sq* + Sq'^ Sq" Sq^ Sq' + Sq'^ Sq* Sq')^^ 

+(Sq'3 Sq5 Sq2 + Sq''' Sq^ + Sq"* Sq^ + Sq'" Sq" Sq^)g\ 
S(gf) =Sq'g\' 

+ Sq"g^« 

+(Sq'2 + Sq'^Sq3)^9 

+(Sq' Sq" + Sq'^ + Sq^ Sq" Sq')g^ 
+ Sq'2Sq"g5 

+ Sq'^Sq2^^ 

+(Sq'^ Sq" Sq2 + Sq''' + Sq'^ Sq* + Sq'" Sq^)^^ 

6i'gf) =Sq2Sq'gf 

+(Sq**Sq" + Sq'2)g^ 

+(Sq^ Sq" + Sq'H Sq'2 Sq')g^ 
+(Sq'* + Sq'3Sq3)^5 

+(Sq'5 Sq2 + Sq'* Sq' + Sq'^ Sq" + Sq" Sq" Sq^)^^ 
+(Sq'" Sq5 + Sq''* + Sq'^ Sq^)^^ 
S{gf) = (Sq' Sq2 + Sq* Sq^ Sq^ + Sq* Sq^)^^ 

+ Sq'V" + (Sq' Sq2 + Sq^ Sq^ + Sq")g^° 
+(Sq'" Sq' + Sq" Sq^ Sq' + Sq'^ Sq^ + Sq'^ Sq^)^* 
+ Sq'^Sq'gl 

Sigf) -gf 

+(Sq* Sq2 + Sq** + Sq' Sq')gf 
+ Sq'V^' 

+(Sq'^ Sq" + Sq'5 Sq^ + Sq")gl 
6igf) = (Sq'3 Sq3 + Sq'" Sq^ + Sq'*)^^ 



CHAPTER 4 



Hopf pair algebras and Hopf pair coalgebras representing the 
algebra of secondary cohomology operations 

We describe a modification of the algebra -Si of secondary cohomology operations in chapter 2 
which is suitable for duaUzation. The resulting object and the dual object will be used to give an 
alternative description of the multiplication map A and the dual multiplication map A,. All triple Massey 
products in the Steenrod algebra can be deduced from or and from A and A,. 

We first recall the notions of parr modules and pair algebras from chapter 1 and give the corresponding 
dual notions. Next we define the concept of M-algebras and A^-coalgebras, where M is a folding system 
and an unfolding system. An M-algebra is a variation on the notion of a [p]-algebra from [3]. We 
show that the algebra ^ of secondary cohomology operations gives rise to a comonoid in the monoidal 
category of M-algebras, and we describe the dual object ^f. which is a monoid in the monoidal category 
of A^-coalgebras. 

In chapter 6 we study the algebraic objects and ^f in terms of generators. This way we obtain 
explicit descriptions which can be used for computations. In particular we characterize algebraically mul- 
tiplication maps A^ and comultiplication maps A'^ which determine and completely, see sections 
8.1, 8.2, 8.3. For the dual object 38f the inclusion of polynomial algebras c will be crucial. Here 
^ is the Milnor dual of the Steenrod algebra and is the dual of a free associative algebra. 

4.1. Pair modules and pair algebras 

Let A: be a field (usually it will be actually a prime field F = Fp = Z/pZ for some prime p) and let 
Mod be the category of finite dimensional A:-modules (i. e. A:-vector spaces) and A:-Unear maps. This is a 
symmetric monoidal category via the tensor product A (8)B over k of fe-modules A and B. A pair module is 
a homomorphism 



(4.1.1) X = (Xi^Xo) 



in Mod. We write n^iX) = coker5 and n\{X) = ker5. A morphism f : X —> Y of pair modules is a 
commutative diagram 




Xo Yo. 

Evidently pair modules with these morphisms form a category Mod, and one has functors 

no, ni : Mod, -> Mod. 

A morphism of pair modules is called a weak equivalence if it induces isomorphisms on no and n\ . 

Clearly a pair module is the same as a chain complex concentrated in degrees and 1 . For two pair 
modules X and F the tensor product of the complexes corresponding to them is concentrated in degrees in 
0, 1 and 2 and is given by 

(4.1.2) X^®Yi % Xi®Yo®Xo®Yi % Xq^Fo 

with 5o = (5 ® 1, 1 ® 5) and di = (^^)- Truncating this chain complex we get the pair module 

X®F = ((X®F)i = coker(5i) Xq ® Fq = (X®F)o j 
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4. HOPF PAIR ALGEBRAS AND HOPF PAIR COALGEBRAS 



with d induced by do. 

Clearly one has nQ{X^Y) s n^iX) ® ;ro(iO. We will also need the following 

(4.1.3) Lemma. For any pair modules X, Y there is a natural isomorphism 

ni{X§,Y) - ni{X)moiY)®noiX)®niiY). 

Proof. By the Kiinneth formula, n\(X)®nQ(Y) ffi 7Ta(X)^n\(Y) is isomorphic to the middle homology 
of the complex (4.1.2) above. But it is clear that for any homomorphisms di : P Q, do : Q ^ R with 
dod\ = the homology ker^o/ im5i is isomorphic to the kernel of the induced map coker(5i) — > R. In our 
case this kernel is precisely ;ri(X®F). □ 

We next consider the category Mod' of graded modules, i. e. graded objects in Mod (graded ^-vector 
spaces A = (A")„ez with upper indices, which in each degree have finite dimension). For graded modules 
A', B we define their graded tensor product A ® B in the usual way, i. e. by 

(A- ® B f = ^ A' ® B'. 

i+j=n 

This tensor product has an interchange 

(4.1.4) Ta^b : a <S)B^ B iS)A 
given on homogeneous elements by Ta^bXci ®b) - (-l)'ieg(«)deg(fe)^ |g, 

A graded pair module is a graded object of Mod,, i. e. a sequence X" = (5" : X" — > X'^) with n 6 Z 
of pair modules. We can also identify such a graded pair module X with the underlying morphism d of 
degree between graded modules 

x=(x,^x,y 

Now the tensor product X (i)F of graded pair modules X , Y is defined by 

(4. 1 .5) {xmy = x'®yA 

This defines a monoidal structure on the category Mod, of graded pair modules, with morphisms maps of 
degree 0. Again ® is symmetric. 

For two morphisms f,g:X'^Y' between graded pair modules, a homotopy //:/=> g is a morphism 
: Xq — > Fj of degree as in the diagram 



(4.1.6) 




satisfying fy-go- dH and /i - gi = Hd. 

A pair algebra B is a monoid in the monoidal category of graded pair modules, with multipUcation 

fi : B 8)5 -> B . 

We assume that B' is concentrated in nonnegative degrees, that is B" = for n < 0. 
More explicitly pair algebras can be described as follows. 

(4.1.7) Defeshtion. A pair algebra B is a graded pair module, i. e. an object 

d- : B] ^ B, 

in Modi, with B" - B^ - for n < such that B„ is a graded algebra in Mod , B^ is a graded Bq-Bq- 
bimodule, and d is a bimodule homomorphism. Moreover for x,y € B^ the equality 

(4.1.8) dix)y = xd(y) 

holds in By 



4.2. PAIR COMODULES AND PAIR COALGEBRAS 
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It is easy to see that a graded pair algebra B yields an exact sequence of graded B|j-B|j-bimodules 
(4.1.9) O^mB^B^-^BQ^noB' ^0 

where in fact ttqB' is a graded fc-algebra, mB is a graded ;roS -:/roS -bimodule, and Bq — > noB' is a homo- 
morphism of graded fc-algebras. 

The tensor product of pair algebras has a natural pair algebra structure, as it happens in any symmetric 
monoidal category. 

We are mainly interested in two examples of pair algebras defined below in sections 4.5 and 4.6 
respectively: the G-relation pair algebra of the Steenrod algebra and the pair algebra ^ of secondary 
cohomology operations deduced from [3, 5.5.2]. 

By the work of Milnor [14] it is well known that the dual of the Steenrod algebra £/ is a polynomial 
algebra and this fact yields important algebraic properties of For this reason we also consider the 
dual of the G-relation pair algebra ^ of and the dual of the pair algebra ^ of secondary cohomology 
operations. The duality functor D is studied in the next section. 

4.2. Pair comodules and pair coalgebras 

This section is exactly dual to the previous one. There is a contravariant self-equivalence of categories 

D = Homt(.,A;) : Mod''P ^ Mod 
which carries a vector space V in Mod to its dual 

DV = }lomiiV,k). 

We also denote the dual of V by V« = DV, for example, the dual of the Steenrod algebra .c/ is ,f/* = D(£/). 
We can apply the functor Homjt(_, k) to dualize straightforwardly all notions of section 4.1. Explicitly, one 
gets: 

A pair comodule is a homomorphism 
(4.2.1) X = ^X><^X°j 

in Mod. We write 7iP{X) = kerJ and n^{X) = coker<i. The dual of a pair module X is a pair comodule 

DX = Yiom,,{X,k) 

= (Dd : DXo DXi) 

with (DXy = D{Xi). A morphism / : X — > F of pair comodules is a commutative diagram 

/' 

Xl ^yl 

d d 

Evidently pair comodules with these morphisms form a category Mod' and one has functors 

:Mod* ^Mod. 

which are compatible with the duaUty functor D, that is, for any pair module X one has 

ntiDX) = DimX) for i = 0,l. 

A morphism of pair comodules is called a weak equivalence if it induces isomorphisms on tiP and . 

Clearly a pair comodule is the same as a cochain complex concentrated in degrees and 1 . For two 
pair comodules X and Y the tensor product of the cochain complexes is concentrated in degrees in 0, 1 and 
2 and is given by 

x^^Y^ S- x^®}^ ®x"®f' f- x"®y° 

with = and d^ = (-1 ® <i, <i (S> 1). Cotruncating this cochain complex we get the pair comodule 

Xdy = ((XdF)! = ker(ji) «^ X° ® 7° = (X^Y)"] 
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4. HOPF PAIR ALGEBRAS AND HOPF PAIR COALGEBRAS 



with d induced by do. One readily checks the natural isomorphism 
(4.2.2) D(X®F) s DX^iDY. 

(4.2.3) Remark (compare 1.1.2). Note that the fuU embedding of the category of pair comodules into 
the category of cochain complexes induced by the above identification has a right adjoint Tr* given by 
cotruncation: for a cochain complex 



c* = !...<- c 

one has 

Tr'(C') = |ker(i;i)«^coj, 

with induced by J". Then clearly one has 

X§Y = Tr*iX(&Y). 

Using the fact that Tr* is a coreflection onto a full subcategory, one easily checks that the category Mod* 
together with the tensor product (8 and unit /c* = (0 <— k) is a symmetric monoidal category, and Tr* is a 
monoidal functor. 

We next consider the category Mod. of graded modules, i. e. graded objects in Mod (graded A:- vector 
spaces A. = (A„)„^z with lower indices which in each degree have finite dimension). For graded modules 
A., B. we define their graded tensor product A. ® B. again in the usual way, i. e. by 

(A. (8) B)„ = ^ A, g) Bj. 

i+j=n 

A graded pair comodule is a graded object of Mod*, i. e. a sequence X„ - (dn : — > X^) of pair 
comodules. We can also identify such a graded pair comodule X. with the underlying morphism d of degree 
between graded modules 

x.^(x'^x'^. 

Now the tensor product X.®Y. of graded pair comodules X., Y. is defined by 
(4.2.4) iX.i>Y.)n^^Xii)Yj. 

i+ j=n 

This defines a monoidal structure on the category Mod. of graded pair comodules. Morphisms in this 
category are of degree 0. 

For two morphisms f,g : X. Y. between graded pair comodules, a homotopy //:/=> g is a 
morphism // : Z' — > 1^ of degree as in the diagram 



(4.2.5) 



d H d 

X" — r 1^. 



satisfying f - g^ = Hd and f - g^ ^ dH. 

A pair coalgebra B. is a comonoid in the monoidal category of graded pair comodules, with the 
diagonal 

6:B.^ BMiB.. 

We assume that B. is concentrated in nonnegative degrees, that is B„ = for n < 0. 
Of course the duality functor D yields a duality functor 

D : (Mod;)°P ^ Mod* 

which is compatible with the monoidal structure, i. e. 

£)(X®r) s {DX)^(DY ). 



4.3. FOLDING SYSTEMS 
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We also write Z)(X) =X. 

More explicitly pair coalgebras can be described as follows. 

(4.2.6) DEFEvirnoN. A pair coalgebra B. is a graded pair comodule, i. e. an object 

in Mod* with fi^ = = forn < such that B^ is a graded coalgebra in Mod., B^ is a graded B^-B^- 
bicomodule, and d. is a bicomodule homomorphism. Moreover the diagram 

B] ^ fi" (g) B.i 

B^ ® fiO ^ B} ® fi.i 

commutes, where A, resp. p is the left, resp. right coaction. 

It is easy to see that there results an exact sequence of graded 5!*-5!'-bicomodules dual to (4.1.9) 
(4.2.7) «- n^B. «- B^ <^ <- n^B. <- 

where in fact n^B. is a graded fc-coalgebra, n^B. is a graded ;r''B.-;r''B. -bicomodule, and B'^ <— n'^B. is a 
homomorphism of graded /c-coalgebras. 

One sees easily that the notions in this section correspond to those in the previous section under the 
duality functor D = Hom;t(-. k). In particular, D carries (graded) pair algebras to (graded) pair coalgebras. 

4.3. Folding systems 

In this section we associate to a "right module system" M a category of M-algebras Alg^ which is 
a monoidal category if M is a "folding system". Our main examples given by the G-relation pair algebra 
^ of the Steenrod algebra and by the pair algebra ^ of secondary cohomology operations are in fact 
comonoids in monoidal categories of such type, see sections 4.5 and 4.6. This generalizes the well known 
fact that the Steenrod algebra jz/ is a Hopf algebra, i. e. a comonoid in the category of algebras. 

(4.3.1) Definition. Let A be a subcategory of the category of graded ^-algebras. A right module 
system M over A is an assignment, to each A e A, of a right A-module M(A), and, to each homomorphism 
/ : A — > A' in A, of a homomorphism /, : M(A) — > M(A') which is /-equivariant, i. e. 

f»{xa) = Mx)fia) 

for any a € A, x e M(A). The assignment must be functorial, i. e. one must have (idx)* = idM(A) for all A 
and ifg)t = f*g» for all composable /, g. 

There are the obvious similar notions of a left module system and a bimodule system on a category of 
graded fc-algebras A. Clearly any bimodule system can be considered as a left module system and a right 
module system by forgetting part of the structure. 

(4.3.2) Examples. One obvious example is the bimodule system 1 given by 1(A) = A, /, = / for all 
A and /. Another example is the bimodule system S given by the suspension. That is, SA is given by the 
shift 

E : A"-i = (EA)" 

{n € Z) which is the identity map denoted by E. The bimodule structure for a, m e A is given by 

a(Em) = (-l)'''=s(°)E(am), 
{T,m)a = T,{ma). 

We shall need the interchange of S which for graded modules U, V, W is the isomorphism 

(4.3.3) cru,v.w ■ U ® (SV) ® W ^ S(f/ ® V ® W) 

which carries m ® Sv (8 w to (-l)'^^s^"^'Z{u ® v ® w). 

Clearly a direct sum of module systems is again a module system of the same kind, so that in particular 
we get a bimodule system 1 ® S with (1 © S)(A) = A ® lA. 
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We are mainly interested in the bimodule system 1 and the bimodule system 1 ffi S which are in fact 
both folding systems, see (4.3.15) below. 

(4.3.4) Definition. For a right module system M on the category of algebras A and an algebra A from 
A, an M-algebm of type A is a pair D, = (5 : Di -> Do) with 7ro(Z),) = A and 7ri(D») - M{A), such that Do 
is a fe-algebra, the quotient homomorphism Do -» ttoD, = A is a homomorphism of algebras, Di is a right 
Do-module, c? is a homomorphism of right Do-modules, and the induced structure of a right 7ro(D,)-module 
on ;ri(D,) conicides with the original right A-module structure on M. For A, A' in A, an M-algebra D, 
of type A, and another one D'^ of type A', a morphism D, — > D^ of M-pair algebras is defined to be a 
commutative diagram of the form 




where /q is a homomorphism of algebras and /i is a right /o-equivariant fc-hnear map. It is clear how to 
compose such morphisms, so that M- algebras form a category which we denote AlgJ,^. 

With obvious modifications, we also get notions of M-algebra of type A when M is a left module 
system or a bimodule system; the corresonding categories of algebras will be denoted by Alg^ and Alg^, 
respectively. Moreover, for a bimodule system M there is also a further full subcategory 

whose objects, called M-pair algebras are those M-algebras which satisfy the pair algebra equation {dx)y = 
xdy for all x,y € Di. 

(4.3.5) Remark. Note that if A contains k, then Alg]^ has an initial object given by the M-algebra 
/ = (0 : M(k) — > k) of type k. Moreover if A contains the trivial algebra 0, then Alg]^ also has a terminal 
object — the M-algebra = M(0) ^ of type 0. Here ? stands for {, r or if M is a left- right- or 
bimodule system, respectively. 

(4.3.6) Definition. Let A be a category of graded algebras as above which in addition is closed under 
tensor product, i. e. k belongs to A and for any A, A' from A the algebra A <Sk A' also belongs to A. A 
right folding system on A is then defined to be a right module system M on A together with the collection 
of right A % A'-module homomorphisms 

:A%M(A')^M(A%A'), 
Paa' : M(A) % A' ^ M(A % A') 

for all A, A' in A which are natural in the sense that for any homomorphisms / : A — > Ai, /' : A' — > A'j in 
A the diagrams 



(4.3.7) 



A iS)k M(A') ■ 

m: 
Ai % m(a;) 



■M(A®iA') 

W). 

m(Ai%a;) 



M(A)%A' 
fM' 



M(A ®k A') 

W). 



M(Ai) ®k A\ -^M. M(Ai % a;) 



commute. Moreover the homomorphisms 



(4.3.8) 



Akj^ : k % M(A) ^ M(k % A), 
PA,k ■ M(A) (g>i A: -> M(A ®i k) 
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must coincide with the obvious isomorphisms and the diagrams 



(4.3.9) 



(4.3.10) 



(4.3.11) 



1»/Ia',a'' 



M{A % A') % A'' 

Paa'^^^^^"''^ ^"^^^a»j.a',a" 



M(A®kA! ®kA!'), 



M{A) % A' % A 



A % M(A') % A 




M(A A') A" 




M(A%A'%A") 



1®Pa'4' 



-^A^'S^A" 



A % M(A' ®k A") 



must commute for all A, A', A" in A. A folding system is called symmetric if in addition the diagrams 



A ®k M(A') ■ 



M(A')®*:A 



Pa' A 



• M(A ®k A') 



MC^AA') 



M(A'%A) 



cormnute for all A, A', where T is the graded interchange operator given in (4.1.4). 

Once again, we have the corresponding obvious notions of a left folding system and a bifolding system. 

For a right folding system M, the category Algjj^ has a monoidal structure given by the folding product 
<8i below. Given an M-algebra D of type A and another one, D' of type A', we define an M-pair algebra 
D®D' of type A (g) A' as the lower row in the diagram 



■ A®M(A') ® M(A)®A' 



■ (D®D')i 



(4.3.12) 



('^AA' ^PAA' ) 



push 



■M(A®A')- 



■ (Di>D')i 



(£)(i>£)')o 



AigiA' 



■A®A' 



-^0 



Here the leftmost square is required to be pushout, and the upper row is exact by (4.1 .3). 

(4.3.13) Proposition. For any right (resp. left, bi-) folding system M, the folding product defines a 
monoidal structure on Alg^ ( resp. Alg^, Alg^, AIg^"^J, with unit object / = (0 : M{k) k). If moreover 
the folding system is symmetric, then this monoidal structure is symmetric. 

We only will use the monoidal categories Alg^^j. and Alg^""^. 



Proof. To begin with, let us show that ® is functorial, i. e. let us for any morphisms f : D —* E, 
f : D' ^ E' in Alg^, define a morphism f®f' : D®E — > D'®E' in a way compatible with identities 
and composition. We put if®f')o - /o®/o and define (/®/')i as the unique homomorphism making the 
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following diagram commute: 

B®M{B') ® M{B)®B' 




(/»/')! 



A®M(A') e M(A)®A' ^ (Z)®Z)')i 
M(A ® A') ^ (Z)(§)Z)')i 

"(/»/'). 



(/«/')! 



M(B (8) B') 



^ 1 

where the left hand trapezoid commutes by (4.3.7). Using universahty of pushout it is clear that right 
equivariance of /i and /( implies that of so that this indeed defines a morphism in Alg^. The same 

universality implies compatibility with composition. 

Next to show that / = (0 : M(k.) — > A:) is a unit object first note that for an M-algebra D by (1.1.2) one 

has 

7®Z) = Tr, |m(A:) ® Di Di e M(A:)®£)o £»oj = (^^i ® M(A:)®A £)oj . 
From this using (4.3.8) it is easy to see that (/<§)Z))i is given by the pushout 



proj 



incl^l 



Di © M(fe)®A 



M(A) 



(/®D)i 



so that there is a canonical isomorphism (/(g)D)i = Di compatible with the canonical isomorphism A:® Dq = 
Dq. Symmetrically one constructs the isomorphism Z)®/ = D. 

Turning now to associativity, first note that the tensor product (4.1.2) can be equivalently stated as 
defining (Z)®Z)')i by the requirement that the diagram 

Di ® D[ 



Do ® D[ push Di ® D'q 



iD§>D')i 

be pushout. Then combining diagrams we see that (Di8>D')i can be equivalently defined as the coUmit of 
the following diagram: 



Do ® M(A') Di ® D\ M(A) ® 



(4.3.14) 





Do ® D\ M(A ® A') Z)i ® 
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where the map Dq ® M(A') -> M(A ® A') is the composite Dq ® M(A') -> A (8 M(A') -> M(A ® A') and 
similarly for M(A) ® Dq — > M(A ® A'). Hence {{D^D')§>D")i is given by the coUmit of the diagram 

Do®£>o®M(A") {D®D')i®D'l M(A®A')®Do 




Do®D'^®D'; M{A®A'®A") {D®D')i®D'^. 

Substituting here the diagram for {D%)D')i we obtain that this is the same as colimit of a diagram of the 
form 

Do®D\®D'^ 




Do ® D[ ® D'{ Do ® M(A') ® D^' 




Z)i ® Z)q (8> D'/ M(A)®£)q(8>D; 




Treating now (Z)ig)(Z)'(8)Z)"))i in the same way we obtain that it is cohmit of a diagram with same objects; 
then, using (4.3.9), (4.3.11), and (4.3.10), one can see that also morphisms in these diagrams are the same. 

Finally suppose that M is a symmetric folding system. Then for any M-algebras D, D' of type A, A' 
respectively, there is a cormnutative diagram 



M{A®A') 




which induces a map from the colimit of the outer triangle to that of the inner one, i. e. by (4.3.14) a map 
{D®D')i — > {D'®D)i. It is then straightforward to check that this defines an interchange for the monoidal 
structure. □ 
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(4.3.15) Examples. The bimodule system 1 above clearly has a structure of a folding system, with A 
and p both identity maps. Also the bimodule system 1 ffiS is a folding system via the obvious isomorphisms 

(4.3.16) Aaa' : a ® (A' ® SA') = A(8iA' ® A®SA' A®A' e 2(A®A'), 

(4.3.17) pa,a' ■■ (AeIA)(g)A' s A(g)A' e (EA)®A' s A®A' e5:(A®A') 

where in (4.3.16), the interchange (4.3.3) for S is used. 

(4.3.18) Lemma. The isomorphisms (4.3.16), (4.3.17) equip the bimodule system 1 © 2 with the struc- 
ture of a symmetric folding system on any category A of algebras closed under tensor products. 

Prooe It is obvious that 1 with the identity maps is a folding system, and that a direct sum of folding 
systems is a folding system again, so it suffices to show that 2 is a folding system. 

The right diagram in (4.3.7) is trivially commutative, while coimnutativity of the left one follows from 

crA„M(A;)(/(a)®2/'(a')) = {-if'^^^^^ifia)® fia')) 

= S(/ ® f'){{-\f'^^'''^Y.{a ® a')) = 2(/ ® f')(rA,M{A'){a ® Sa') 

for any a e A, a' e A' , f : A ^ Ai, /' : A' — » A^. Next, the diagrams (4.3.8) commute since k is 
concentrated in degree 0. 

The diagrams (4.3.10) commute trivially, as only right actions are involved. Commutativity of (4.3.9) 
follows from the obvious equality 

(_l)deg(«)2(fl ^ (-l)d'=g(«')^' ^ a") = (-l)'*'=s(«»«')2(a ^a'® a") 
and that of (4.3. 1 1) is also obvious from 




a ® S(a') ® a" (-l)''«g(")S(a ® a' ® a") 




a ® S(a' ® a") 



□ 

Thus by (4.3.13) the folding system 1 e S yields a well-defined monoidal category Alg^^j. of 1 ® S- 
algebras as in (4.3.4). The initial object and at the same time the unit for the monoidal structure of Alg^^j. 
is by (4.3.5) and (4.3.13) 

/iei: = (F®SF-^^^F). 

For Algj it is 

/, = (f^f). 

The projections q : A®'LA ^ A can be used to construct a monoidal functor 
(4.3.19) q : Algig,^ ^ Alg; 

carrying an object D in Alg^^gj. to the pushout in the following diagram 

A ® SA > ^ Di > Do A 

1 push 

A > ^ q{D)i ^ q{D)Q ^ A. 

Evidently ^(/i©e) = h. 
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4.4. Unfolding systems 

It is clear how to dualize the constructions from the previous section along the lines of section 4.2. We 
will not give detailed definitions but only briefly indicate the underlying structures. 

We thus consider a category C of graded /c-coalgebras, and define a right comodule system on C as 
an assigimient, to each coalgebra C in C, of a C-comodule NiC), and to each homomorphism f : C ^ C 
of coalgebras of an /-equivariant homomorphism /, : N{C) —> N{C'), i. e. the diagram 



N(C)^^N(C)^C 



A^(C')— A^(C')®C' 



is required to commute. Similarly one defines left comodule systems and bicomodule systems. As before, 
we have a bicomodule system 1 given by 1(C) - C and also E, 1 ffi E defined dually to (4.3.2). 

Then further for a right comodule system on C and for a coalgebra C from C one defines an A^- 
coalgebra of type C by dualizing (4.3.4). It is thus a pair D* - (d : D'^ ^ D^) where Z)" is a coalgebra, 
D' is a right ZJ^-comodule and li is a comodule homomorphism. Moreover one must have jtP{D*) - C, 
n^(D*) = N(C), and the C-comodule structure on A'(C) induced by this must be the one coming from the 
comodule system A'. With morphisms defined dually to (4.3.4), the A^-coalgebras form a category Coalg^y. 
Similarly one defines categories Coalg^ and Coalg'^;™" c Coalg^ for a left, resp. bicomodule system A^. 
These categories have the initial object 0:0^ A'^(O) and the terminal object : A: -> N{k). 

Also dually to (4.3.6) one defines unfolding systems as comodule systems A'^ equipped with C ® C- 
comodule homomorphisms 

f''^' : N{C®C') ^C®N{C') 
r^'^' : N{C ® C) ^ N{C) ® C 

for all C, C E C required to satisfy obvious duals to the diagrams (4.3.7) - (4.3.11). Also there is an 
obvious notion of a symmetric unfolding system. 

Then for an unfolding system A'^ we can dualize (4.3.12) to obtain definition of the unfolding product 
D®D' of A^-coalgebras via the upper row in the diagram 



^ C ® C ^ Z)0 ® D'° ^ (D^D'y ^ A^(C ® C) ^ 

^ C ® C > {D®D'f — ^ {D®D'y ^ C®N{C') N{C)®C' ^ 



where now the rightmost square is required to be puUback and the lower row is exact by the dual of (4. 1 .3). 

It is then straightforward to dualize (4.3.13), so we conclude that for any unfolding system A^ the 
unfolding product equips the category Coalg^ with the structure of a monoidal category, synmietric if A'^ 
is symmetric. Here, "?" stands for "r", "1", "b" or "pair", according to the type of A^. Obviously also the 
dual of (4.3.18) holds, so that the categories Coalg^""^ and Coalg^^j; have monoidal structures given by the 
unfolding product. 



4.5. The G-relation pair algebra of the Steenrod algebra 

Fix a prime p and let G = 'Ljp^'L be the ring of integers mod p^, with the quotient map G ^ F = Fp = 
Z/pZ. Let si be the mod p Steenrod algebra and let 

^ ^|{Sq',Sq2,...} for;, = 2, 

|{p\p2,...}u{;6,/3pi,ySp2,...} for odd p 
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be the set of generators of the algebra . We consider the following algebras and homomorphisms 

q ; 3Sq »■ ^0 ^ £^ 

(4.5.1) 

rG(E^) rF(E^) 

Here Tk(S) for a commutative ring k denotes the free associative A:-algebra with unit generated by the set 
5 , i. e. the tensor algebra of the free A:-module on S . The map is the algebra homomorphism which is 
the identity on E^. For / e we denote the element q^if) € ^by 

Let denote the kernel of q, i. e. there is a short exact sequence 

Rm > *- ^0 — ^ ^. 

This short exact sequence gives a long exact sequence 

ToriRss, F) > ^ Tor(=^o, F) ^ Tor(^, F) ® F > ® F ^ ^ ® F. 

Here A ® F = A/ pA and Tor(A, F) is just the /^-torsion part of A for an abelian group A, so the connecting 
homomorphism i sends a = q{b) + p^o to pb + pRss- It follows that the second homomorphism in the 
above sequence is zero. Moreover clearly we can identify ^o<S¥ = and Tor(^, F) = .g/, so that there 
is an exact sequence 

^>^^^f 

(4.5.2) 

/?^®F ^0 

One has 

(4.5.3) Lemma. The pair = {d : above has a pair algebra structure compatible with 
the standard bimodule structure of si on itself, so that yields an object in Alg^""^, see (4.3.4). 

Proof. Clearly mod p reduction of any pair algebra over G is a pair algebra over F. Then let M- be the 
mod p reduction of the pair algebra Rgg ^ .^o- Thus the ,^o-.i^o-bimodule structure on = RgglpRgg is 
just the mod p reduction of the ^o-^o-bimodule structure on Rag, i. e. V + pSS^ e - SS^jpSSo acts on 
r + pRc^ e = RmlpRm via 

Q)' + p^^\r + pRsi) = b'r + pR^g. 

Moreover the above inclusion >-» Rgg/pRgg sends an element q(b) to pb + pRag. Then the action of 
a' = q{b') € s/ on i(a) - pb + pRag e i{.e^) - ker d induced by this pair algebra is given as follows: 

a'i{a) - q,^(b' + pS§Q){pb + pRsg) — pb'b + pRag — iq(b'b) = i(a'a) 

and similarly for the right action. □ 

We call the object of the category Al^"" the G- relation pair algebra of . 

(4.5.4) Theorem. The 1-pair algebra S^*' has a structure of a cocommutative comonoid in the sym- 
metric monoidal category Alg'J'"'^. 

Proor For « > 0, let denote the kernel of the map so that there is a short exact sequence 
and similarly to (4.5.3) there is a pair algebra of the form 
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determining an object ^^"^ in Alg^""^. Then one has the following lemma which yields natural examples of 
folding products in Alg^""^. 

(4.5.5) Lemma. There is a canonical isomorphism ^'■"^ = {S^)®" in Alg^""^. 

Proof. Using induction, we will assume given an isomorphism : {^^)®" = ^^"^ and construct a„+i 
in a canonical way. To do this it clearly suffices to construct a canonical isomorphism = 
as then its composite with iM^®an will give an+i- 

To construct a map {^^^^^""^ ^f""^' means by (4.3.14) the same as to find three dashed arrows 
making the diagram 




commute. For this we use the commutative diagram 




This diagram has a commutative subdiagram 



piR^^^R'^J) 




p^o ® ^ < ^ ® p^"; 

It is obvious that quotient by this subdiagram gives us a diagram of the kind we need. 
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We thus obtain a map —> R^^^^ ® F. Moreover by its construction this map fits into the 

commutative diagram 



with exact rows, hence by the five lemma it is an isomorphism. 

Using the lermna we next construct the diagonal of given by 



A0®1 




A 



Here hP is defined by the commutative diagram 



(4.5.6) 



A° 



50 ■Se'Oj 



where the diagonal A° on is defined on generators by 

n 

A°(Sq") = J]Sq'®Sq"-' 



!=0 



A°(p") = 2 p' (g) p^; 



i+]=n 



for p = 2, 



for odd p 



(with Sq" - 1, P° = 1 as usual) and extended to the whole SSq as the unique algebra homomorphism with 
respect to the algebra structure on SSq ® <^o given by the nonstandard interchange formula 




with 



In particular, clearly for all p one has r^^A*^ = A°, i. e. the coalgebra structure on is cocommutative. 
The counit for is given by the diagram 

> ^ /?<^ ® F > ^0 

(4.5.7) ' 




where the map ® F — > F sends the generator (pl^g) ® 1 in degree to 1 and all elements in higher 
degrees to zero. It is then clear from the formula for A° that this indeed gives a counit for this diagonal. 
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4.6. The algebra of secondary cohomology operations 

Let us next consider a derivation of degree of the form 

k: ^ ILs^, 

uniquely determined by 

;>iSq" =SSq"-^ for p = 2, 
(4.6.1) xp = 'L\, 

K{V^) = 0, J > 
We will use x to define an ^ -bimodule 

as follows. The right ^ -module structure is the same as on jz/ © above, i. e. one has (x, 'Ly)a = 
(xa, l,ya). As for the left ^ -module structure, it is given by 

aix,I.y) = (ax, (-lf''^^''^I.ay + Kia)x). 

There is a short exact sequence of -si -bimodules 

-> -> ^ ©« ^ ^ ^ 

given by the standard inclusion and projection. 

(4.6.2) Remark. The above short exact sequence of bimodules and the derivation x correspond to each 
other under the well known description of the first Hochschild cohomology group by bimodule extensions 
and derivations, respectively. Indeed, more generally recall that for a graded A:-algebra A and an A-A- 
bimodule M, one of the possible definitions of the Hochschild cohomology of A with coefficients in M 
is 

//™;M) = Ext^^^^.(A,M). 

On the other hand, HH^{A; M) can be also described in terms of derivations. Recall that an M- valued 
derivation on A is a A:-linear map ;>« : A ^ M of degree satisfying 

Hixy) = }cix)y + (-l)''^sW;c%Cy) 

for any x,y e A. Such derivations form a A:-vector space Der(A; M). A derivation x = imis called inner if 
there is an m e M such that 

k(x) -mx- (-l)'^'^s^^W = imix) 



Ifor odd p. 
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for all X e A. These form a subspace Ider(A; M) c Der(A; M) and one has an isomorphism HH^{A; M) = 
Der(A; M)/ Ider(A; M). Moreover there is an exact sequence 

^ Hlf{A; M)^M ^ Der(A; M) HH\A; M) ^ 0. 
Explicitly, the isomorphism 

Der(A; Af)/ Ider(A; M) s Ext^^^o(A, M), 

can be described by assigning to a class of a derivation x : A^ M\he class of the extension 

O^M^Ae«M^A^O 

where as a vector space, A M = A ffi M, the maps are the canonical inclusion and projection and the 
bimodule structure is given by 

fl(x, m) - (ax, am + x{a)x), 
(x, m)a — (xa, ma). 

Obviously the ^ ffi« above is an example of this construction. 



(4.6.3) DEFiNmoN. A Hopf pair algebra 'f (associated to ^) is a pair algebra d : Yi 
together with the following conmiutative diagram in the category of ^o-=^o-bimodules 



over . 



(4.6.4) 



^% ^ 



with exact rows and columns. The pair morphism q : T ^ Bi^ will be called the G-structure of Y. 
Moreover 'f has a structure of a comonoid in Algj^gj, and q is compatible with the Alg^''"^-comonoid 
structure on in (4.5.4), in the sense that the diagrams 



(4.6.5) 



and 



(4.6.6) 



^1- 

9 



^FeSF 



commute. 

We next observe that the following diagrams connmute: 

^ ^ ■ 



2(5 

■ 2;(^®^) 



where cr is the interchange for E in (4.3.3). Or, on elements, 

(4.6.7) ^ K{ad ® = ^ K{a)t ® x{a)r = ^ criae ® x(ar)). 
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where we use the Sweedler notation for the diagonal 

Six) = Y^X(^ Xr. 

(4.6.8) Remark. The above identities have a simple explanation using duaUzation. We will see in 
(5.1.7) below that the map dual to x is the map SjaC — > given, for p - 2,hy multiplication with the 
degree 1 generator e M and for odd p by the degree 1 generator tq. Then the duals of (4.6.7) are the 
obvious identities for any e ^ 

i^ix)y = ^i(xy) = xi^iy) 

for p = 2 and 

(Tox)y - To(xy) - (-l)<'^s(^)x(Toy) 
for odd p (recall that ^ is graded commutative). 

Using (4.6.7) we prove: 

(4.6.9) Lemma. For a Hopfpair algebra Y there is a unique left action of on i'^§>y)\ such that 
the quotient map 

(r®r)i 

is J^Q-equivariant Here we use the pair algebra structure on Y®'^ to equip (i^S>y)\ with an ® =^o- 
bimodule structure and then turn it into a left ^Q-module via restriction of scalars along A : — > 

Proof. Uniqueness is clear as the module structure on the quotient of any module M by a submodule 
is clearly uniquely determined by the module structure on M. 
For the existence, consider the diagram 

J^o ® (^ ®K 2^) % (8) fi (^ e« S^) ® ^0 

(4.6.10) 

^0 ® '^i s^®s^ 0x81 2(^181^) ® ^Q. 

whose colimit, by (4.3.14), is { y^''P')\, with the right ® ^^o-module structure coming from the category 
Algjgjj.. It then suffices to show that all maps in this diagram are also left ,^o-equivariant, if one uses the 
left ^o-module structure by restricting scalars along the diagonal — > ® ^o- 
This is trivial except possibly for two of the maps involved. For the map 

O : ^0 ® (^ ®« 2:^) s^®s^ ®^ S(^®^) 

given by 

<D(/' (g) (x, I.y)) = (/' ® X, (-l)<'<=g(/')i:/' ® y), 
this amounts to checking that for any /, /' e and x,y e one must have 

® /^)(/' ® i-lf'^'^'W' ® >') = m-lf'S(m.,if') ^ f^f, ^ (J^^^ (-l)<i^g(/')2/,y + xa)x)), 
where again the above Sweedler notation 

A(/) = ^/f®/., 

is used for the diagonal of too, and /' denotes q^if) by the notation in (4.5.1). 
The left hand side expression then expands as 

2((_l)deg(/.)deg(/');^;,^j;^^ 

(_j)deg(/,)deg(/')(_i)deg(/)(_j)deg(/')2j^J/ ^ J^^ + j)deg(/,)deg(/')^(J^)_^. g, 

and the right hand side expands as 

^_y^^.^M)A.,if )YjjJ' ®/,x,(-l)''^S<^'^''((-l)<'^S<^')S/J' ®fry+M' ®^C!r)x)). 

Thus left equivariance of is equivalent to the equahty 

Yj''(M'®frX = 2(-l)'^^S(^'-^''/f/' ® ^(/,)X. 
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This is easUy deduced from 

which is an instance of (4.6.7). 
For another map 

given by 

^{{x,-Ey)®f') = ix®f',-Ey®f') 

the equality to check is 

Yj(f( ® fr)(x ® /', 2y ® /') = »P((-l)dega)degfeIy) ^(^^^^ (.i^degaa^/^j, + ^(J^)^) ^ 

Here the left hand side expands as 
and the right hand side expands as 

these two expressions are visibly the same. □ 

Given this left module structure on one can measure the deviation from left equivariance of 

the diagonal Ay : fi ^ . For that, consider the map L:%S>y\^ ii^S>y)i given by 

L(/®x):= Ar(A)-/-ArW, 

for any / e #o = %, x e fi, where ■ denotes the left ^o-module action defined in (4.6.9). Since the 
diagonal of is left equivariant, it follows from (4.6.5) that the image of L lies in the kernel of the 
map q^q, i. e. in ® s^. Moreover if / = dvi for some Vi G 1^, then one has 

Ay{divi)x) = Ay{vidx) = Ay(vi)A^(5x) = Ar(vi)5§Ay(x) = 5§Ar(vi)Ar(x) = A^{dvi)AY{x), 

so that the image ofd®'fi:'fi®'fi—^%®'fi Ues in the kernel of L. Similarly connmutativity of 

(4.6.11) , a, 

% % ® % 

implies that fo ® ker d is in the kernel of L. It then follows that L factors uniquely through a map 
£/®R^ = {%/ hn d)®i'f{/ ker d) keriq®q) = Si/®^/. 
(4.6. 12) Definition. The map 

given by the unique factorization of the map L above is characterized by the deviation of the diagonal Ay 
of the Hopf pair algebra Y from left equivariance. That is, one has 

Ar (A) = f-Ar{x) + (/ ® dx) 

for any / e J^'o = 1^, X e and the action • from (4.6.9). 

Similarly one can measure deviation of Af : (Y®'V)i from cocommutativity by means of the 

map 5 : fx -> if®f)i given by 

S(x):= Ay(x)-TAr(x), 

where T : — > is the interchange operator for Alg^^j. as constructed in (4.3.13). Then 

similarly to L above, S admits a factorization in the following way. First, by commutativity of (4.6.5) one 

has 

{q®q)TAy - T{q®q)Ay - TA^^q - A^q - (q^q)Ay, 
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since the Alg^'"'^-comonoid 10 is cocommutative. Thus the image of S is contained in \s.x{q®q) = . 
Next, commutativity of (4.6.1 1) impUes that ker d is contained in the kernel of S . Hence S factors uniquely 
as follows 

7?^ = ^i/ ker5 ^ ker(g®g) = ® ^. 

(4.6.13) Deftnition. The map 

given by the unique factorization of the map S above is characterized by the deviation of the diagonal 
of the Hopf pair algebra Y from cocommutativity. That is, one has 

Thy{x) = A-rix) + S ridx) 

for any x&'fi. 

It is clear from these definitions that L-y and S -y are well defined maps by the Hopf pair algebra . 
Below in (6.1.5) we define the left action operator L : ® Y.s^ ® -s^ and the symmetry operator 

S : R,^ — > Y.s^ ® si with L = and 5 = if /? is odd. For p - 2 these operators are quite intricate but 
explicitly given. We also will study the dualization of S and L. 

The next two results are essentially reformulations of the main results in the book [3]. 

(4.6.14) Theorem (Existence). There exists a Hopf pair algebra 'V with — LandSy — S. 

(4.6.15) Theorem (Uniqueness). The Hopf pair algebra y satisfying Ly - L and S r = S is unique 
up to an isomorphism over the G-structure Y — » S^'' and under the kernel 2^ >-> y ■ 

The Hopf pair algebra appearing in these theorems is the algebra of secondary cohomology operations 
over F, denoted by = ^J) = S§®¥. The algebra S§ has been defined over G in [3]. 

Proof of (4.6.14). Recall that in [3, 12.1.8] a folding product ® is defined for pair G-algebras in such 
a way that ^ has a comonoid structure with respect to it, i. e. a secondary Hopf algebra structure. Let 

Ai : ,^1 ^ (,^®,^)i 

be the corresponding secondary diagonal from [3, (12.2.2)]. It is proved in [3, 14.4] that the left action 
operator L satisfies 

hi(bx) = Mi(x) + L(q(b) ® (dx® 1)) 

for b G ^0. X & ^i, dx®\ e /?<^ (g> F = . Also in [3, 14.5] it is proved that the symmetry operator S 
satisfies 

TA\(x) = Ai(x) + S (dx ® I) 
forx 6 Moreoveritis proved in [3, 15. 3. 13] that the secondary Hopf algebra^ is determined uniquely 
up to isomorphism by the maps k, L and S . 
Consider now the diagram 

V V 



^ ®^ >-!^ =^1 ® F ^0 ® F ^ ^ 

> R£g®¥ 3" ^0 ^. 

Here the inclusion i^ : ffi,, >-> ® F is given by the inclusion c S§\ and by the map 

^ ^ ^1 ®F 

which assigns to an element q(h) E , for b e ,^o, the element \p^ ■ b ®\. Then it is clear that is a 
right -module homomorphism. Moreover it also is a left -module homomorphism since for b e 
the following identity holds in SS\ : 

b-Vp\-\p-\-b^ K{b). 

Compare [3, A20 in the introduction]. Now one can check that the properties of =^ estabhshed in [3] yield 
the result. □ 
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(4.6.16) Remark. For elements a,jS, y & with afi = and jSy = the triple Massey product 

{a,p, y) e si Hasi + s^y) 

is defined. Here the degree of elements in {a,fi, y) is deg(a) + deg(j6) + degCy) - 1 . We can compute (a,yS, y) 
by use of the Hopf pair algebra above as follows. For this we consider the maps 

We choose elements a,^,y e SSq which qgg carries to a,ji, y respectively. Then we know that the products 
Qj6, ySy are elements mRgg for which we can choose elements x, y e SS\ ® F with 

q{x) = qR{ap), 

q(y) = qR0y)- 

Then the bimodule structure of ^i®F yields the element ay- in the kernels^ of ^ : ^i®F -> Rsg®¥. 
Now ay — xy& YjS^ represents (a,j8, y), see [3]. 

4.7. The dual of the G-relation pair algebra 

We next turn to the dualization of the G-relation pair algebra of the Steenrod algebra from section 4.5. 
For this we just apply the duality functor D to (4.5.2). There results an exact sequence 

j< > ^s^i^^sil * 

i. e. the sequence 

> > Z)(^J) > D(^f) ^ 

(4.7.1) 

Hom(J5b,F) Hom(/?<^,F). 
In particular, by the dual of (4.5.3) one has 

(4.7.2) Lemma. The pair S^-p = {d : ^ — > has a pair coalgebra structure compatible with the 
standard bicomodule structure of over itself, so that ^-g yields an object in Coalg^""^, see section 4.4. 

Moreover the dual of (4.5.4) takes place, i. e. one has 

(4.7.3) Theorem. The pair coalgebra has a structure of a commutative monoid in the category 
Coalg^""^ with respect to the unfolding product igi. 

□ 

The proof uses the duals of the pair algebras ^^"\ n > 0, from (4.5.4). Namely, applying to the short 
exact sequence 

the functor D = Hom(_, F) gives, similarly to (4.7.2), a pair coalgebra 

^1"' = ( > — > " — ^ — ^ ) 

such that the following dual of (4.5.5) holds: 

(4.7.4) Lemma. There is a canonical isomorphism ^i"' = (^f)'^" in Coalg^""^. 

□ 

Using this lemma one constructs the ®-monoid structure on by the diagram 
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with A° as in (4.5.6). 

Moreover the unit of >^f is given by the dual of (4.5.7), i. e. by the diagram 

F F ^-^F^^=F 

I 

111 1 
y y 

M > — ^ ^* > Res* S^* 

SO that the unit element of R^^ is the map — > F sending the generator pi ego in degree to 1 and all 
elements in higher degrees to zero. 

4.8. Hopf pair coalgebras 

We next turn to the dualization of the notion of a Hopf pair algebra from (4.6.3), using the dual of 

from the previous section. 

(4.8.1) Definition. A Hopf pair coalgebra W (associated to si*) is a pair coalgebra d : — > 
over F together with the following commutative diagram in the category of ^,-=^*-bicomodules 

> ^ ^ ^ M 

Y 

> ^ ^ > ®x. 

with exact rows and columns. The pair morphism ; : .^p W will be called the G-structure ofW. More- 
over W must be equipped with a structure of a monoid (m^^, 1^) in Coalgj^gj. such that i is compatible 
with the Coalg^'"'^-monoid structure on from (4.7.3), i. e. diagrams dual to (4.6.5) and (4.6.6) 

(^F®^f) ' F ^ K 

i^i i i 

(W&wy FeSF^^iri 

commute. 

We next note that the dual of (4.6.9) holds; more precisely, one has 

(4.8.2) Lemma. For a Hopf pair coalgebra W the subspace 

{W®W)^ c {W^Wy 

is closed under the left coaction of the coalgebra on {W®Wy given by the corestriction of scalars 
along the multiplication m, : ® — > ^* of the left ^» = {W®W)^-comodule structure given 
by the pair coalgebra WhW. In other words, there is a unique map m^ : {W®Wy — > ® {W®W)^ 
making the diagram 

{w®wf 

V V 



commute. 



{W®Wf ^ J? ® ® {WhWf — ^ ® {W®W)^ 
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□ 

Given this left coaction, one can define the dual of the left action operator in (4.6.12) by measuring 
deviation of the multiplication {W®'W)'^ — > from being a left comodule homomorphism. For that, one 
first observes the map L : {W®Wy — > ® given by the diflference of two composites in the diagram 



Then by the argument dual to that before (4.6.12) one sees that the map L factors uniquely through 
coker(j®0 = 2^/. ® and into ker(J) ® imid) = (g> w ® >r to yield a map 

2^ ® ^ ^ ^ ® We thus can make, dually to (4.6.12), the following 

(4.8.3) DEFEvrmoN. The map 

given by the unique factorization of the map L above is characterized by the deviation of the multiplication 
of the Hopf pair coalgebra W from being a left ^,-comodule homomorphism. That is, for any 
t e one has 

(1 ®m-g/)mHt) - m'^m-g/it) + L~g/{nY®nj_){f). 

Next, we define a map 5 5^ in a manner dual to (4.6. 1 3), measuring noncommutativity of the Coalgj^j.- 
monoid structure on W. For that, we first consider the map S : (W^W)^ — > given by 

Sit) = mwT{t) - mwit) 

for t e and then observe that, dually to (4.6.13), this map factors uniquely through coker(j(i)j) = 

{{W^Wf S^. (g) and into im(d) = {r^, ^ W^) so we have 

(4.8.4) Definition. The map 

5^ : <g> M — > 

given by the unique factorization of the map S above is characterized by being the graded commutator map 
with respect to the (i)-monoid structure on the Hopf pair coalgebra W. That is, for any t e {WS)W)^ one 
has 

m-^Tit) = m^it) + S ^in^^nz)it). 
We now duaUze the left action operator (6.1.5) and the synmietry operator (6.2.1). 

(4.8.5) DEFEsirriON. The left coaction operator 

of degree +1 is the graded dual of the left action operator (6.1.5). 

(4.8.6) Defestftion. The cosymmetry operator 

S»: s^»®s^t ^ R^» 
of degree +1 is the graded dual of the symmetry operator (6.2.1). 

It is clear that the duals of (4.6. 14) and (4.6. 15) hold. Let us state these exphcitly. 

(4.8.7) Theorem (Existence). There exists a Hopf pair coalgebra W with L-^ = L, and S ■•/// = S *. 

(4.8.8) Theorem (Uniqueness). The Hopf pair coalgebra W satisfying L-^ = L* and S-^ = S, is 
unique up to an isomorphism over W ^ s/^ ®x. and under W. 

The Hopf pair coalgebra appearing in these theorems will be denoted by -SS^ - (.$?'" ^i) = D{^^). 



CHAPTER 5 



Generators of and dual generators of 

In this chapter we describe polynomial generators in the dual Steenrod algebra and in the dual of 
the free tensor algebra T^{E^) with the Cartan diagonal. We use these results to obtain generators in the 
dual of the relation module Rg;. 

5.1. The Milnor dual of the Steenrod algebra 

Here we recall the needed facts from [14]. The graded dual of the Hopf algebra ^ is the Milnor 
Hopf algebra s/, = Hom(^,F) = D(^). It is proved in [14] that for odd p as an algebra is a graded 
polynomial algebra, i. e. it is isomorphic to a tensor product of an exterior algebra on generators of odd 
degree and a polynomial algebra on generators of even degree; for = 2 the algebra ^* is a polynomial 
algebra. Moreover, in [14], explicit generators are given in terms of the admissible basis. 

First recall that the admissible basis for is given by the following monomials: for odd p they are of 
the form 

M = ^^p*i^«'P'^ • • • "P'"^" 

where e (0, 1} and 

Si>€\+ pS2, S2>€2+ PS3, S„-\ > €„-\ + pS„, S„>1. 

Then let e ^2(/-i) = Hom(^2(p'-i) p)^ A: > 1 and e ^2p'-i = HomC^^p'-i p)^ A; > be given on 
this basis by 



(5.1.1) f,(M) = 
and 

(5.1.2) T,(M) = 



1, M = P^'"P^''"'---P^'P', 
otherwise 



otherwise. 



As proved in [14], is a graded polynomial algebra on these elements, i. e. it is generated by the elements 
^ic and Tic with the defining relations 

^i^J = ^i^u 

TiTj = -TjTi 

only. 

For p = 2, the admissible basis for is given by the monomials 

M = Sq"i Sq"^ • • • Sq"" 

with 

> 2s2, S2 > 2.V3, . . . , .9„_i > 2s„, s„ > 1 
and the polynomial generators of ^* are elements £ ■^2i'-\ - Hom(^^'"\ F) given by 

'\, M = Sq2"Sq2"...Sq2Sq\ 



(5.1.3) (k{M) 



otherwise. 
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In terms of these generators, also the coalgebra structure m, : ^ ^ ^ ® .e^ dual to the multiplication 
OT of ^ is determined in [14]. Namely, for odd p one has 

m^i^k) = ® 1 + fk-i ® ^1 + ^£2 ® ^2 + • • • + ^f'' ® ^^-1 + 1 ® ^t, 

(5.1.4) 2 _j 

m^Tk) = ^k<^ro + ^_^iS)Ti + ^[2<BiT2 + ■ ■ ■ + ® r^-i + 1 ® + r^^ ® 1. 
For p = 2 one has 

(5.1.5) m^i^k) = ® 1 + fii ® A + 5^-2 ® ^2 + • • ■ + ff"' ® + 1 ® f-t- 

We will need expression of the dual Sqi : M ^ to the map Sq^ • : — > jz/ given by 
multiplication with Sq^ from the left. 

(5.1.6) Lemma. The map Sq^ is equal to That is, on the monomial basis it is given by 

Sq.(^i^2 •••^-|o, „i^0 mod2. 

Proof. Note that SqJ is a derivation, since Sq^ • is a coderivation, i.e. the diagram 

Sqi. 



M®Su' 



commutes: indeed for any x e ,s/ one has 

5(Sq' x) = 5(Sq')(5(x) = (Sq' (g)l + 1 » Sq')(5(x) = (Sq' ®l)(5(x) + (1 ® Sq')^(x). 
On the other hand, on the Milnor generators the derivation Sq' acts as follows: 



Sq!(4)W = aSq'x) 



1 (1, Sq'x = Sq2" 'Sq2"'-- Sq', 



0, Sq'x?tSq^ Sq^ - -Sq' 



It follows that SqJ(fi) = 1; on the other hand for n > 1 the equation Sq' x - Sq^ ' Sq^" • • • Sq' has no 
solutions, since it would imply Sq' Sq^ Sq^" ■ ■ ■ Sq' - Sq' Sq' x = 0, whereas actually 

Sq' Sq^" ' Sq^" ' • • • Sq' = Sq'+^" ' Sq^" ' • • • Sq' # 0. 

But ^ is the unique derivation sending ^1 to 1 and all other ^„'s to 0. □ 

We will also need expression of the dual of the derivation h from (4.6.1) in terms of the above 
generators. 

(5 . 1 .7) Lemma. The map Kt : — > ^ is equal to the left multiplication by tq fiyr odd p and by C,\ 
forp = 2. 

Proof. For any hnear map : — > F the map Xt{(p) : s^n+i ^ F is the composite of with 
X : s^„+\ — > Thus for p odd one has 

(5.1.8) H^((p)(fi^P''^'P'^ ■ ■ ■ P'"yS^") = ^(-l)^"""^'""' ■■"^^'-'0(yS«'P*'yS^' • • . jS^-ip'tp^M . . . p^n^ny 
On the other hand, one has for M as above 



M,=q8 

Q*C€P 



if 

5{M) = ^ (gi Mr. 
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On the other hand one evidently has 



0«(|<,i| 



SO that for M = jS*P"ij8^i • • • P""j8^" one has 



M,=q3 ei=l (o=0 

0*ceF h=0 

4=0 
ij = l 
4+1 =0 

i„=0 
i„=0 



which is the same as (5.1.8) above. 

Similarly for p = 2 the map K»i<p) is given by 

n 

(5.1.9) «.(0)(Sq'' • • • Sq'") = 0(;^(Sq'> • • • Sq'")) = J] 0(Sq'' • • • Sq^''^ • • • Sq^") 

k=l 

and the map is given by 



(A0)(M) = _^^i(M^)0(M,)= 2 <p(Mr). 

M,=Sq' 



On the other hand one has 



5(Sq"> • • • sq"") = Yj sq" • ■ • Si'" ® sq""" • ■ • Si'""'" 

so that for M = Sq*' • • • Sq*" one has 



0<(i<ii 



2 0(M,) - 2 Z ^(^'i""' ■ • -sq'""'") 

M,=Sq' k=l 11=0 

it-i=0 

!t=l 

i„=0 

which is equal to (5 . 1 .9). □ 

It is clear that with respect to the coalgebra structure on ^ the map Xt is a coderivation, i. e. the 
diagram 

X, 

m» 

^, } O ^ ^ ^ ^ ^ y 

S(^.®M) — — — ^s^.r ----- 



is commutative. Here cr is the interchange of S as in (4.3.3). Then using dual of the construction mentioned 
in (4.6.2) one may equip the vector space s^, © with a structure of an ^,-^,-bicomodule, in such a 
way that one has a short exact sequence of M-^-bicomodules 

(5.1.10) ^ ^ M ®H. ^ ^ 0. 
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Explicitly, one defines the right coaction of ^ on as the direct sum of standard coactions on 

M, and on whereas the left coaction is given by the composite 

I 1 K.S>1 j 

5.2. The dual of the tensor algebra = Tf(Ej^) tor p = 2 

We begin by recalling the constructions from [11] relevant to our case. 

The Leibniz-Hopf algebra is the free graded associative ring with unit 1 = Zq 

(5.2.1) ^ = rz{Zi,Z2,...} 

on generators Z„, one for each degree n > 1 . Here we use notation as in (4.5 . 1 ). Then ^ is a cocommutative 
Hopf algebra with respect to the diagonal 

n 

A(Z„) = 2^'®^«-'- 

!=0 

Of course for p = 2 we have (g) F = = Tz(E,r^) by identifying Z, = Sq', and moreover the diagonal A 
corresponds to A*^ ® F in (4.5.6). The graded dual of ^ over integers is denoted by it is proved in [1 1] 
that it is a polynomial algebra. There also a certain set of elements of ^ is given; it is still a conjecture 
(first formulated by Ditters) that these elements form a set of polynomial generators for If, however, 
one localizes at any prime p, then there is another set of elements, defined using the so called p-elementary 
words, which, as proved in [11], is a set of polynomial generators for the locaUzed algebra This in 
particular gives a polynomial generating set for - Hom(^o, F2) - 12./^ . Moreover it turns out that 
the embedding M >-> ^* given by Hom(^,F2) ^ Hom(^o>lP2) (dual to the quotient map =^0 
carries the Milnor generators of ^ to a subset of these generators. 

One chooses a basis in ^ which is dual to the (noncommutative) monomial basis in 3f: for any 
sequence a = idi,...,d„) of positive integers, let Mq, = Mdj^...,d„ be the element of the free abelian group 
jj^d, +...+* ^ Hom(^* , Z) determined by 

M,,...,„(Z,...Z.J = |i' (^-••'^'") = (^-'^«)' 
10 otherwise. 

Since ^ is a free algebra, dually ^ is a cofree coalgebra, i. e. the diagonal is given by deconcatena- 

tion: 

n 

(5.2.2) A(Md, dj = ^''^'■■■•^^ ® ^d,,„...A. 

1=0 

It is noted in [1 1] (and easy to check) that in this basis the multiplication in ^ is given by the so called 
overlapping shuffle product. Rather than defining this rigorously, we will give some examples. 

^5^2,4,1,9 = ^5,2,4,1,9 + ^7,4,1,9 + ^2,5,4,1,9 + ^^2,9,1,9 + -^2,4,5,1,9 + ^2,4,6,9 

+ A^2,4, 1,5,9 + ^^2,4,1,14 + ^^2,4, 1,9,5; 
M8,5Mi,2 = M8,5,l,2 + ^8,6,2 + ^8,1,5,2 + ^9,5,2 + M8,i,7 + Mgj + Mi,8,5,2 
+ Mi,8,7 + Mi,8,2,5 + ^9,2,5 + Mi,2,8,5 + A^l,io,5 + ^^8,1,2,5 

Thus in general, whereas the ordinary shuffle product of the elements, say, Maj,a2,a3 Mh^^biMMs con- 
tains all possible summands like Mhj^ai,a2,b2,h,a3,bi,h57 the overlapping shuffle product contains together with 
each such summand also in addition the summands of the form Mh^^ai,a2,b2M,a3MM^ ^fei,ai,a2+fe2,*3,a3,fe4,*5' 
Mbi,a,,a2,b2,b3+a,M,b5' Mh,,aua2,b2,b3,ay+bi,b5' Mh,+a,,a2+b2,b3,a,M,b5 and SO on, obtained by replacing an a,- and a 
bj standing one next to other with their sum, in all possible positions. 

Note that the algebra of ordinary shuffles is also a polynomial algebra, but over rationals; it is not a 
polynomial algebra until at least one prime number remains uninverted. On the other hand, over rationals 
^ becomes isomorphic to the algebra of ordinary shuffles. 

To define a polynomial generating set for we need some definitions. To conform with the admis- 
sible basis in the Steenrod algebra, which consists of monomials with decreasing indices, we will reverse 
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the order of indices in the definitions from [11], where the indices go in the increasing order. Thus in our 
case statements about some M^j d„ will be equivalent to the corresponding ones in [1 1] about Ma„,...,d, ■ 

(5.2.3) Definitions. The lexicographic order on the basis Mci^^ ,,^d„ of is defined by declaring 
Mdi,...,d„ > ^ci,...,e„ if either there is an i with 1 < i < min(n,m) and > e„ dn - e^, d„-i = e„-\, 
dn-i+\ = e^-i+i, dn-i > e^-i orn> m and<i„_„+i = ei, dn-m+i = ^2, <i« = e^. 

A basis element Md^,...,d„ is Lyndon if with respect to this ordering one has Md^^...,d„ < Md,,...ji for all 
1 < i < n. For example, M3_2,3,2,2 and M2,2,i,2,i,2,i are Lyndon but M3_2,2,3,2 and M2,i,2,i,2,i are not. 

A basis element Mdj,...,d„ is Z-elementary if no number > 1 divides all of the J„ i. e. gcd(<ii, d„) = I. 
The set ESL(Z) is the set of elementary basis elements of the form Mdi,...,d„,di,...,d„,....,di,...,d„ (i- e. d\,...,dn 
repeated any number of times), where Mdi,...,d„ is a Lyndon element. 

For a prime p, a basis element Mdi,...,d„ is called p-elementary if there is a J, not divisible by p, i. e. 
p \ gcd(<ii, <i„). The set ESL(p) is defined as the set of p-elementary basis elements of the form 

^di d„4i,-,dn,-4i d„ 



with d\, dn repeated p'' times for some r, where Mdi,...^^ is required to be Lyndon. 

For example, Mi5_6,i5,645,6,i5,6 is in ESL(2) but not in ESL(Z) or in ESL(p) for any other p, whereas 
M3o,6,6 is in ESL(p) for any p 2, 3 but not in ESL(2), not in ESL(3) and not in ESL(Z). 
One then has 

(5.2.4) Theorem ([11]). The algebra ^ is a polynomial algebra. 

(5.2.5) Conjecture (Ditters, [11]). The set ESL(Z) is the set of polynomial generators for 

(5.2.6) Theorem ([11]). For each prime p, the set ESL(/7) is a set of polynomial generators for ^(j,) = 
^ ® Z(p), i. e. if one inverts all primes except p. 

In particular, it follows that ESL(p) is a set of polynomial generators for ^ j p" over Z//>" for all n. 

Here are the polynomial generators in low degrees, over Z and over few first primes. Note that the num- 
bers of generators in each degree are the same (as it should be since all these algebras become isomorphic 
over Q). 





1 


2 


3 


4 


5 


z 


Ml 


Mi,i 


A/2,1, Mi,i,i 


M3,i,M2,i,i,Mi,i,i,i 


M4,l, M3,2, M3,i,i, M2,2,1,M2,1,1,1, Mi,i,i,i,i 


p = 2 


Ml 


Mi,i 


M3,M2,1 


M3,i,M2,l,l,Mi,i,i,i 


Ms, M4,i, M3,2, M3,i,i, M2,2,l, M2,l,l,l 


p = 3 


Ml 


M2 


M2,i,Mi,i,i 


M4,M3,i,M2,i,i 


Ms, M4,i, M3,2, M3,i,i, M2,2,l, M2,i,i,i 




Ml 


M2 


M3,M2,1 


M4,M3,i,M2,l,l 


M4,i, M3,2, M3,i,i, M2,2,l, M2,l,l,l, Mi,i,i,i,i 



It is easy to calculate the numbers of polynomial generators in each degree. Let these numbers be mi, 
m2, ■ ■ • . Then the Poincare series for the algebra ^ (or 3f, or J?, or it does not matter) is 



2 dim(^„)f" = (1 - ty^'ii - t^r"'\\ - t^r"" 

n 

on the other hand, we know that it is a tensor coalgebra with one generator in each degree « > 1; this 
implies that dim(^„) = 2"~' forn > 1 (and dim(Mo) = 1). Thus we have equality of power series 

00 11 

]~[(i - ?*)-"" = \ + t + 2t^ + At' + ^t'' + ■■■ = i + t{i + 2t + {2tf + {2tf + ■■■) = 1 + ^j-:r2" " 
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Then taking logarithmic derivatives one obtains 

ykmj/^J, + 3^ + 7.3 + ... + (2«-l)f + .... 

fil-t'' l-2t l-t 

k-i 

It follows that for all n one has 

J]dmd = 2"-l, 

d\n 

which by the Mobius inversion formula gives 

mn = -yfxm2^ - I). 

The latter expression is well known in the literature on combinatorics; it equals the number of aperiodic 
bicolored necklaces consisting of n beads, and also the dimension of the nth homogeneous component of 
the free Lie algebra on two generators. See e. g. [17]. 



5.3. The dual of the relation module /?,^ 

We now turn to the algebra = Hom(,^, F2) = ^/2. By the above, we know that it, as well as ^(2), 
is a polynomial algebra on the set of generators ESL(2). As an illustration, we will give some expressions 
of the M-basis elements in terms of sums of overlapping shuffle products of elements from ESL(2). We 
will give these in ^^2) and then their images in 

M2 = - 2Mi,i 
= M] mod 2 
Mi,2 = Mj - M3 - M2,i - 2M1M1J 
= M\ + + M2,i mod 2 

1 , 1 
Mixi = MiMi,i - -Mj + -M3 

= MiMij + M[ + M3 mod 2 
M4 = ^MiMa - + 2Ml, - 4Mi,i,i,i 

= M\ mod 2 
M2,2 = ^ - 2MJMi,i - ^MiMs + + 2Mi,i,i,i 

= Ml 1 mod 2 
Mi,3 = ^-M\ - ^MiMi - 2Ml, - M3,i +4Mi,i,i,i 

= Mj + M1M3 + M3_i mod 2 

2 2 

Mi,2,i = MiM2,i - M3,i - M^_i + 2M^Mi,i + -M1M3 - -M^ - 2Mi,i,i,i - 2M2,i,i 

= MiM2,i + M3_i + Mj 1 mod 2 
Mi4_2 = -^11- M^Mi^i - ^MiMs + ^M^ - 2Mi,i44 + M34 - MiM2,i + M2,i,i 

= Mj 1 + MjMij + M1M3 + A/^ + M3_i + MiM2,i + M2,i,i mod 2 
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Moreover it is straightforward to calculate the diagonal in terms of these generators. For example, in 
one has 

A(Mi) = 1 ig> Ml + Ml (g) 1, 

A(Mij) = 1 (gi Mi,i + Ml igi Ml + Mi,i ® 1, 

A(M3) = 1 ® M3 + M3 (g) 1 

A(M2,i) = 1 ® M2,i + Mj ® Ml + M2,i ® 1 

A(M3,i) = 1 ® M34 + M3 ® Ml + M3,i ® 1 

A(M2,i,i) = 1 ® M2,i,i + Mj ® Mi,i + M2,i ® Ml + M2,i,i ® 1 

A(Mi,i,i,i) = 1 ® M1444 + Ml ® M1M14 + Ml ® Mj + Ml ® M3 + Mi_i ® Mi_i + M1M14 ® Mi 

+ Mj ® Ml + M3 ® Ml + M1444 ® 1 

A(M4,i) = 1 ® M44 + M^ ® Ml + M44 ® 1 

A(M3,2) = 1 ® M3_2 + M3 ® Mj + M3_2 ® 1 

A(M2,i,i,i) = 1 ® M2,i,i,i + Ml ® M1M14 + Mj ® + Mj ® M3 + M2,i ® M14 + M2,i,i ® Mi 

+ ^2,1,1,1 ® 1 
A(M5) = 1 ® M5 + M5 ® 1 
A(M3,i,i) = 1 ® M344 + M3 ® Mi,i + M34 ® Ml + M3,i,i ® 1 

A(M2,2,l) = 1 ® M2,2,l + Mj ® M2,l + Ml 1 ® Ml + M2,2,l ® 1. 

Also it follows from the results in [11] that one has 

(5.3.1) Lemma. For any prime p, in ^(p) one has 

Mpd„...,pd„ = M^^ mod p. 

To identify the elements to which the Milnor generators ft of jz/, go under the isomorphism #1, = 
^12, we first identify with the graded dual of ; then corresponds to a linear form ^i_i — > F 
given by (5.1.3). 

(5.3.2) Proposition. Under the embedding s^, w ^/2, the Milnor generator maps to the generator 

M2t-i 2'-2,...,2,i- In particular, this generator is in ESL(2), /. e. is one of the polynomial generators of 

Note how this together with (5.2.2) and (5.3.1) imphes the Milnor formula (5.1.5) for the diagonal in 
■G^C. Identifying with its image in ^/2 by (5.3.2), one obtains 

k k 
m,i^k) = A(M2S-i,2t-2,...,2,l) = 2] ^2*-i,2'-^...,2' ® M2>-i,...,2,l = ^ ^2'-i-',2'^-2-.-,...,2,l ® ^2'-i,...,2,l 

(5.3.3) '=° 

k 

1=0 

Thus the set {^1,^2, ...} of polynomial generators for .b^ can be identified with the subset 

Q = {Mi,M2,l,M4,2,l,M8,4,2,l,...) 

of the set of polynomial generators ESL(2) for ^ jl = This in particular gives an explicit basis for 
7?^,: it is in one-to-one correspondence with those monomials in the generators Md^^^^d^ from ESL(2) 
not all of whose variables belong to Q. For example, in first few low dimensions this basis contains the 
following monomials: 

Mi,i, 

MiMi,i,M3, 

MjMi_i,MiM3,Mj j,M34,M2,i,i,Mi_i_i,i, 

MjMij,MjM3,MiMj j,MiM3j,MiM2,i,i,MiMi4jj,MijM3,Mi_iM2,i,M5,M4_i,M3_2,M344,M2,2,i, 

^2,1,1,1- 
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We next note that obviously the embedding ^ >-> identifies with a polynomial algebra over 
namely one has a canonical isomorphism 

(5.3.4) ^. -^.[ESL(2)\e]. 

In particular, as an ,2^ -module J^, is free on the generating set n(esl(2)\0 ^_ jj^g ^^^^ commutative monoid 
on ESL(2) \ Q). Then obviously the quotient module R^, is a free -module with the generating set 

jsj(ESL(2)\e) \ {!}_ 

We will need the dual of the subspace c ^0 spanned by the monomials of length < 2 in the 
generators Sq'. Observe that ^ is a subcoalgebra of so that dually -» is a quotient algebra. 
We have 

(5.3.5) Proposihon. The algebra J^f^ is a quotient of the polynomial algebra on three generators M\, 
M\^\, M2,i by a single relation 

MiMijM2j + Mj*, + Mjj = 0. 
Proof. First of all, it is straightforward to calculate in the sum of the overlapping shuffle products 

MiMi,iM2,i +mI^ +mI^ = 

Mi,4.l + M2X2 + M2,3.l + M3j_2 + ^3,2,1 + M2,i,2,l + ^3,1,1,1 + A/1,1,3,1 -I- Mi,2,i,i,i + Mi,2,i,2 + ^1,1,1,2,1 

SO that indeed this gives zero in Let 

X - F[Xi, X2, X3]/(XiX2X3 + X2 + X3) 

be the graded algebra with deg(xi) = i, i - 1, 2, 3, so that there is a homomorphism of algebras / : X — > 
■^^^ sending xi Mi, X2 i-> Mi,i, i-> M2,i. It is straightforward to calculate the Hilbert function of X, 
i. e. the formal power series 

2dim(X„)f"; 

n 

it is equal to 

(l-0(l-?2)(l-?3)- 

On the other hand is dual to and it is straightforward also to calculate dimensions of homoge- 
neous components of this space. One then simply checks that these dimensions coincide for X and for 
^f^. Thus it suffices to show that / is surjective, i. e. that .j'^f^ is generated by (the images of) M\, Mi i 
and M2,i. 

We wiU show by induction on degree that every M„ and M,-,^ can be obtained as a polynomial in these 
three elements. In degree 1, Mi is the only nonzero element. In degree 2, besides Mi i we have M2 which 
is equal to Mj by (5.3.1). In degree 3, we have 

MiMi i = Mi,2 + M2,i -I- Mi l l = Mi l + M2,i mod 

and 

Mj = M3 -H Mi,2 + M2,l, 

so that in we may solve 

Mi,2 = MiMi,i + M2,i 

and 

M3 = +MiMi,i. 

Given now any degree n > 3, we can obtain any element M,j with i > I, j > l,i + j = n from elements of 
lower degree since 

Mij = Mi,iM,_i,j_i. 
Next we also can obtain the element M„_i ,i from 

M„_i,i + M2,„-2 = M2,lM„_3. 

Then we can obtain Mi,„_i from 

Mi,„_i -I- M„_i,i = Mi,iM„_2, 
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and finally we can obtain M„ from 

M„ + Mi,„_i + M„_i4 = MiM„_i. 

□ 

Let us also identify the dual of the product map 

in terms of the above generators. By dualizing it is clear that this dual is the unique factorization in the 
diagram 



In particular, it is an algebra homomorphism. Moreover the algebra may be identified with the poly- 
nomial algebra on a single generator Mi = ^i, with the quotient map given by sending Mi to 
itself and all other polynomial generators from ESL(2) to zero. From this it is straightforward to identify 
the map — > ® with the algebra homomorphism 

F[xi,X2,X3]/(xiX2X3 + + xj) -> FLyi,zi] 

given by 

(5.3.6) X2 1-^ j'lzi 

Let us identify in these terms the map -» ^.^J^. One clearly has 

in ^0. so that dually one has that the diagram 

J^. ^ R^. 

— ^Rf 

is pushout. Thus 7?^^ is isomorphic to the quotient of by the image of the composite ^ >-> -» 
^f. That image is clearly the subalgebra generated by Mi and M2_i. 

We can alternatively describe /?^^ in terms of linear forms on R^^ c ^^"^ ■ It is clear that the latter 
subspace is spanned by all Adem relations [n,m], n < 2m. The map n : -» R'^^ assigns to a linear 
form on ^ its restriction to R^. One then clearly has 

(5.3.7) niM\) = ;r(M* i) = 

for all A: > 0; moreover;r(Mi,i)isdualto [1, 1] in the basis given by the elements [n,m],i. e. Mi4([l, 1]) = 1 
and Mi_i([n,OT]) = for all other n, m. Moreover for x,y e we have 

(5.3.8) {xy){\n,m\) = J]x{[n,m]e)y{[n,m]r) 
in the Sweedler notation 

A([«, w]) - ^[n, m]e ® [n, m\r. 

For example, we have 

A([l, 2]) = (1 + T){\ ® [1, 2] + Sqi 1]) 
which implies that MiMi i is dual to [1,2] in this basis, i. e. (MiMi_i)[l, 2] = 1 and (MiMi_i)[n,OT] = 
for all other n, m. Similarly 

A([l, 3]) = (1 + T){\ ® [1, 3] + Sqi ®[1, 2] + Sq^ ®[1, 1]) 
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and 

A([2,2]) = (1 + T)(l (g) [2,2] + Sq^ ®[1,2] + Sq^m, U) + [1, 1] ® [1, 1] 
imply that M^^ is dual to [2,2] whereas (M2Mij)[1,3] = (M2Mi,i)[2, 2] = 1, so that dual to [1,3] is 

We will also need a description of the dual^» of ^ = R^/{R^-R_^). For this first note that similarly to 
the above (» is a free £/, ® J2<, -module on N*'^SL(2)\e) ^ f^(ESL(2)\e) j^^^j t;^^ (g, is a free (g) 
module on (N(E^L(2)\e) \ {ij^ x (N('^SL(2)\e) \ {i}^. Moreover the diagonal : ^, ^ ^, is> ^» and its 
factorization A/} —> gi/?^, through the quotient maps Rg:», ^» -» are 

obviously both equivariant with respect to the diagonal 5 : — > ^ (S> i. e. one has 

A,^(fl/) = 5(fl)A,^(/), 
^ ■ ■ A«(ar) = 5(a)A«(r) 

for any a G ^„ / e r G /J^,. 



CHAPTER 6 



The invariants L and S and the dual invariants L* and * in terms of 

generators 

As proved in the book [3] there are invariants L and S of the Steenrod algebra which determine the 
algebra ^ of secondary cohomology operations up to isomorphism. Therefore L and S and the dual 
invariants L» and S , also determine [^"^ and respectively. In this chapter we recall the definition of L 
and S and we discuss algebraic properties of L, and 5*. 



We next recall constructions of certain maps L and S from [3, 14.4,14.5] of the same kind as the 
operators in (4.6.12) and (4.6.13) respectively. For that, we first introduce the following notation: 



with the quotient map -» R denoted by r i-> r. There is a well-defined ^ -s^ -bimodule structure on R 
given by 



for f e r e R_^. As we show below R is free both as a left and as a right i2/-module (but not as a 
bimodule). A basis for ^ as a right ^-module can be found using the set PAR c of preadmissible 
relations as defined in [3, 16.5]. These are the elements of of the form 



where [n,m], n < 2m, is an Adem relation, the monomial Sq"' - Sq"' is admissible (i. e. ni > 2«2, 
ni > 2ns, nic-i > 2nk), and moreover ut > 2n. It is then proved in [3, 16.5.2] that PAR is a basis of R^ 
as a free right ^o-module. 

It is equally true that is a free left ^o-module. An explicit basis PAR' of as a left ^Q-moAa\& 
consists of left preadmissible relations — elements of the form 



where [n,m], n < 2m, is an Adem relation, the monomial Sq™' • • • Sq™' is admissible, and moreover m > 
2m\. 

Using this, one also has 

(6.1.2) Lemma. Both as a right -module and as a left si -module R is free. Moreover, the images p 
of the preadmissible relations p e PAR under the quotient map R^ -» Rform a basis of this free right 
■g/ -module, and the images of left preadmissible relations form its basis as a left si -module. 

Proof. This is clear from the obvious isomorphisms 



6.1. The left action operator L and its dual 



(6.1.1) 



R:=R3:j{R3:-R3=\ 



ff = fr, ff = rf 



Sq"' •••Sq"'[n,m] 



[n,m] Sq™' ■•■Sq' 



si ®3;^R^ = R= Rg; si 



of left, resp. right ^ -modules. 



□ 



In particular we see that every element of Rg: can be written in a unique way in the form 



(6.1.3) 
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with p'^^ e Rg!, ocilrii, nii] e PAR and yS, an admissible monomial. Moreover it can be also uniquely 
written in the form 

(6.1.4) fp(2)^2]a;[n>;is; 

i 

with q'-^^ e ■ R^, admissible monomials a', and [n'., m'^'. e PAR'. 
(6. 1 .5) DEFiNmoN. The left action operator 

L : ^»R^ -> ^® ^ 

of degree - lis defined as follows. For odd p let L be the zero map. For p = 2, let first the additive map 
L g: : ^ ^ (g) ^ be given by the formula 

L^(Sq" Sq"*) = ^l"' ^l"" ® ^l"' ^l"' 

ni+«2=« 
mi+m2=m 
mi , 02 odd 

(n,m > 0; remember that Sq^ = 1). Equivalently, using the algebra structure on (S) one may write 

L^(Sq" Sq'") = (1 Sq^)(J(Sq"-^)(Sq^ ®l)^(Sq"^-^). 

Restricting this map to c gives a map Lr : — » ® It is thus an additive map given on 
the Adem relations [n, w], for < n < 2m, by 

min{rt/2,m-l j / . , v 

L«[n,m]=L^(Sq"Sq'")+ T 2^ L^(Sq"^'»-*Sq*). 

^=max{0,n-m+I} ^ ' 

Next we define the map 

as the right ^ -module homomorphism which satisfies 



(6.1.6) L(a ® a\n,m]) = S(x(a)a)LR[n,m] 

with m] G PAR; by (6. 1 .2) such a homomorphism exists and is unique. 

Finally, L yields a unique Unear map L: ® Rg: % ^ \yj composing L with the quotient map 
® Rg: ^ ®R. Thus one has 

Lisi ®{R^^ -Rg^y) = 0. 

The map L is the left action operator in 1 3, 14. 4J where the following lemma is proved (see [3, 14.4.3]): 

(6.1.7) Lemma. The map L satisfies the equalities 

L(a <8) [n, m]) - x{a)Li}[n, m] 

L{a ® br) - L{ab ® r) + 6{a)L{b ® r) 
L{a ® rb) = L{a ® r)5{b) 

for any a,b ^ s^, r €R. 

□ 

We observe that L can be alternatively constructed as follows. Let 

L : ^ ^ ^® 

be the map given by 

L(r) = L(Sq' ®r). 

Then one has 

(6.1.8) PROPOsmoN. For any a€ s^, r e Rgr one has 

L{a®r) = 6{x{a))Uf)\ 

moreover L is a homomorphism of -si -bimodules, hence uniquely determined by its values on the Adem 
relations, which are 

Z([n,m]) " LR[n,m]. 
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Proof. For any a e a\n, m] e PAR and yS admissible we have 



L(a ® a[n, m]fi) = L(a ® a[n, m\)P 

= SiKia)d;)LR[n,m]6^ 

= 5xia)65LR[n,m]6p 

= 6}cia)6iKiSq^)&)LR[n,m]6^ 

= 6x(a)L{Sq^ 'S)a[n,m]ff) 

= dKia)L{a[n,m]fi). 

Then using (6. 1 .3) we see that the same identity holds for L(a ® r) with any r € R^. 
Next for any a € j2/,r € we have by (6.1.7) and x Sq' = Sq° = 1, 

L{ar) = L(Sq' ®ar) 

= L(Sq' a (g) r) + 6(Sq^)L(a (» r) 

= (5(x(Sq' a))L(r) + (5(Sq' xia))Lir) 

= SixiSq^ a) + Sq' xia))Ur) 

= 6{a)L{r). 

Thus L is a left -module homomorphism. It is also clearly a right -module homomorphism since L is. 
Finally by (6.1.6) we have 

L/j[n,OT] = 5{x{Sc^))LR[n,m\ = L(Sq' ®[n,m]) = !([«,«]). 



Explicit calculation of the left coaction operator L, is as follows. For odd p it is the zero map, and 
for p = 2 we first define the additive map Lr, : ^ ® ^ — > R^f'^. It is dual to the composite map 



7?"^ -> ^ (8) ^ in the diagram 



(6.1.9) 



■^0 



A8iA 







<2 . 



r<2 





pull 



=^0 ® =^0 



where 3) is restriction of the map -> given by 

0(x) = Sqi xix), 

so that one has 

fSq", n = 1 mod 2 



0(Sq'') 



0, n = mod 2. 
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Indeed by (6.1.5) we have 

L^(Sq" Sq") = (1 ® Sqi)A(Sq"-i)(Sqi ®l)A(Sq'"-^) = (1 ® Sq^)Ax(Sq")(Sq^ ®l)A;^(Sq'"); 
on the other hand we saw in (4.6.7) that one has 

^K = {x® 1)A = (1 18 %)A, 

so that we can write 

Z,^(Sq" Sq") = (1 ® Sq^ ;^)A(Sq")(Sq^ x ® l)A(Sq'") = (1 ® a>)A(Sq")(a> ® l)A(Sq'"). 

So the map dual of fl> is the map fl>, : F[fi] -> F[^i] given by factorization through M F[^i] of the 
map : ^ — > ^ given on the monomial basis by 



\Cii^2---, nx = \ mod 2 



0. 



Ml = mod 2. 



Equivalently, by (5.1.6) and (5.1.7), O. = SqJ is the map^i;^. 

Thus the map Lr^ is the composite s^t® s^*^ in the diagram 



(6.1.10) 



r<2 



l(8fl),igi3>,®l 



A, OA, 
, i2-<l 



push 



■R 



<2 



Now by (6.1.8) we know that Z, is a bimodule homomorphism, and moreover R is generated by 
Rf ^ R'<^^ c R as an £/ -£/ -bimodule, so knowledge of Lr (actually already of Lj? whose restriction 
it is) determines L and, by (6.1.8), also L. Dually, one can reconstruct L, and then L» from L^, via the 
diagram 



^R, 

V 



bicoaction 



bicoaction 



(8) (^, <g) ^,) ® £/t 



Here the bicoaction jz^C ® ^ — > ^ ® (^ ® ^,) ® is the composite 



(^, ® M ® ^,) ® (M ® M ® ^,) 



(142536) 



I ^/t) ® (£/, ® ^*) ® (^« ® ^,) 



, ® (^. ® M) ® .(< 



We next note the following 
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(6.1.11) Lemma. The map L, is a biderivation, i. e. 



L,{x,yiy2) ^ yiL,{x,y2) + y2h{x,yi) 



for any x, x\,X2, y, y\,y2& 
Proof. 



It thus follows that L, is fully determined by its values L,(^„ ® ^„') on the MUnor generators. To 
calculate the bicoaction on these first note that we have 

m?\^„) = (1 ® m,)m.(f„) = J] ^ ® '«*(^'') = Z ' ® ® 

i+i'=n i+j+k=n 

where as always = 1- For the coaction on f„ ® this then gives in succession 



/+ j+k=n 
i'+ f+k'=n' 



i+ j+k=n 
i' +j' +k'=n' 



2 ^rvr^'^^f 



SO that for the values of we have the equation 



/+ j+k=n 
i'+ f +k'-n' 



where i is the above embedding ^ ® /?^^ ® Thus we only have to know the values of L^, on 

the elements of the form (g> for j ^ 0, k > 0. Obviously these values are zero for j > 2 or / > 2. 
They are also zero for 7 = or / = since fl>,(l) = 0. There thus remain four cases j - f - ^, j - / = 2, 
j = 1, / = 2, and j = 2, / = 1. We then have under L^, 

I ^(^1® 1 + l®^l)2 (8(^1® 1 + l®^l)2 = 

® 1 ®ff ® 1 +ff ® 1 ® 1 ®ff + 1 ® 1 + 1 ®ff ® 1 ®ff 

® f f ® 1 ® 1 + ® 1 ® 1 ® + 1 ® ® ® 1 + 1 ® 1 ® ® 

I ^ + + 1 ® <D.f 2 ^^^2 ^1+0 

I 004'. 



We thus have 



* ^ ' |0 otherwise. 
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We next take j = f = 2; then 

I ®ff 

A,®A, 

I 3>0, 



SO that 

L^.(ff ®ff ) = 
for all A: and kf . Next for 7 = 2, / = 1 we have 

^2' ^ ^2'' (^2 ^ ^^)2' « « 1 + 1 « ^j)2'' ^ ^2-' ^ ^2* ^ ^2'' ^ 1 + ^2- g ^2* g, 1 ® 



l®fl>,igiC),®l 



^^^2 g,0.^2, 



hence 



10 otherwise. 

Finally for j = 1, / = 2 we get 

I ®1®^2 +1®^2 

l»0,»<I>,gil 

I >0 + 

A,® A, 

I 



SO that 



L^.(^f ) = 



for all and A:'. 

To pass to Lr, from these values means just nulUfying all monomials which do not contain Myy, we 
thus obtain 

LR.(fi®fi) = Mi,i, 

and Lr.(^2 g, ^2 ) ^ in all other cases. 
From this we easily obtain 

(6.1.12) Proposition. iL.(f„ ® f„0 = ^2_j4_j ® ® 1 + C2f^'-i ® ® 1 
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where now f„_2 = for n = 1 is understood. Solving f„') from these equations is then straightfor- 
ward. In this way we obtain 

L.(^i,^2) = M2,u 

L(^2,^2) = M4,i,i + M2,3,l + M2,l,2,l 
L,(fl,^3) = ^4,2,1,1 
L(^3,^l) = M4,2,l,l +M2ii 

^.(^2,^3) = A^6,2,l,l + Af4,4,l,l + A^4,2,3,l + ^4,2,1,2,1 + ^^2,4,2,1,1 
^..(^3,^2) = ^6,2,1,1 + M4,4,i,i + M4,2,3,l + ^4,2,1,2,1 + ^2,4,2,1,1 

+ Mj+ Mji + + Mi l 1 1 + M^iMli i + M\mI 

1.(^3,^3) = M8,4,l,l + M8,2,3,l + M8,2,l,2,l + M4_6_3_i + Ma^(,x2,1 + ^4,2,5,2,1 + ^/^4,2A3,1 + ^/4,2,4,1,2,1 

+ ^4,2,1,4,2,1 
1.(^1,^4) = M8,4,2,l,l 
1,(^4,^1) = M8,4,2,l,l + ^4,2,1,1 

Lt(f2, A) = -^10.4.2.1.1 + A^8.6.2.1.1 + ^8,4,4,1,1 + ^^8,4,2,3,1 + ^^8.4.2.1. 2.1 + ^^8. 2.4.2.1.1 + ^^2,8,4,2,1,1 
L,(^4,^2) = A^10,4,2,l,l + ^^8,6,2,1,1 + ^^8,4,4,1,1 + ^^8,4,2,3,1 + ^^8,4,2,1,2,1 + ^^8,2,4,2,1,1 + ^^2,8,4,2,1,1 

+ Ml + + + Ml^^ + Ml^^ + Ml^2 + Ml^,,^ + mI^^ + mI^^^ 

+ M^M^_2,i,i + ^1^5 + ^2,1^3 

L.(^3,^4) - Mi2,6,2,l,l + Mi2,4AJJ + ■'^12,4,2,3,1 + A^l 2,4,2, 1,2,1 + -^12,2,4,2,1,1 + -^8,8,4,1,1 + -^^8,8,2,3,1 

+ ^8,8,2,1,2,1 + -^^8,4,6,3,1 + -^^8,4,6, 1,2,1 + -^^8,4,2,5,2,1 + -^^8,4,2,4,3,1 + ^8,4,2,4,1,2,1 + -^^8,4,2, 1,4,2,1 

+ ^4,10,4,2,1,1 + ^4,8,6,2,1,1 + ^4,8,4,4,1,1 + ^^^4,8,4,2,3,1 + ^4,8,4,2,1,2,1 + A/4,8,2,4,2,1,1 + ^4,2,8,4,2,1,1. 

etc. 

Having L, we then can obtain L» by the dual of (6.1.8) as 
(6.1.13) L^ix,y) = ^(ixey(' ®U{Xr,yr') 

for x,y s^t, with 

OT,(x) = ^xe® Xr, /w.Cv) = ^ yc ® yv ■ 

6.2. The symmetry operator S and its dual 

(6.2.1) Defevtition. The symmetry operator 

S : 7?^ -> ^® ^ 

of degree - lis defined as follows. For odd p, let S be the zero map. For p = 2 let the elements S„ € ^ , 
n > 0, be given by 



Sn= ^ Sq"i ® Sq"^ = (Sq' ® Sq')5(Sq"-^), 



ni+n2=n-\ 
Ml, 02 odd 



1. e. 



S2k = 0, 

52..i= 2sq''''®sq2*'"'"'' 



0<!<*: 
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A: > 0. Then let the linear map S ^ : ®s^he given by 

5^(Sq" Sq") = SnSiScT) + <5(Sq")5„ + 5(Sq"-i)5^^i 

= (Sq^ (gSq^MCSq''-^ Sq"*) + (5(Sq")(Sq^ (giSq^MCSq'"-^) + 5(Sq"-^)(Sq^ ®Sq^)(5(Sq'"-2), 

n,m > 0. Next define the map Sr : -> ^ (S> ^ by restriction to c Thus on the Adem 

relations this map is given by 



mini«/2,m-l} / , ^\ 

(6.2.2) 5i^[n,m] = 5^(Sq"Sq'«)+ ^ 2^ WcSq"""' * Sq^). 



Now let us define the map 

S :R^s^®^ 
as a unique right ^ -module homomorphism satisfying 



Sia[n,m]) = 6ia)SR[n,m] + (1 + T)Lia<»[n,m]) 

for a[n, m] e PAR. Then finally this determines a unique hnear map S : Rgc — > ^ ® .sz/ by composing 
with the quotient map -» R. 

The map 5 is the symmetry operator in [3, 14.5.2] where the following lenmia is proved. 
(6.2.3) Lemma. The map S satisfies the equations 

S([n,m]) — S R[n,m] 

S(ar) = 6(a)S(r) + (1 + T)Lia ® r) 
S(ra)=Sir)6ia) 
for any < n < 2m, a e £/ and r e R. 

We now turn to the dual 5, : .c/, ® ^ — > R^, of S (dually to the above, the image of this operator 
actually lies in c R^^ and so defines the operator 5, : si^® s^* —^R*). Since we know that 5, is a 
biderivation, it sufiices to compute the values 5 ,(^„ ® Now dually to the equation 

Sia[n,m]b) = dia)S Ri[n,m])6ib)+il+T)Lia<Bi[n,m]b) = dia)SRi[n,m])6ib)+il + T)iSxia)LRi[n,m])6ib)) 

we have 



/+ j+k=n 
i'+f+k'=n' 



/+ j+k=n 
i'+j'+k'=n' 

with ^0 = 1 and -0 for n < 0, as before. 

It thus remains to find the values Su^i^J (8 ) — which in turn are images of the corresponding 
values of S under the map R^*- To find the latter, let us first define another intermediate operator 

5 ' : ^0*' ^ ^/ ® 

by the equation 

S HSq") = Sn+\ = (Sqi ® Sq^)to(Sq") = ^ Sq"' ® Sq"^ 

n\, n2 odd 

SO that we have 

5^OT(Sq" (8)Sq'") = 5^(Sq" Sq"") = S ';^(Sq")5(Sq'") + <5(Sq")5 ';^(Sq'") + <5x(Sq")5 '(Sq™). 
We have the dual operator 

5i : =<®=£/. ^ 
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such that dual 

S^, : ^ 

of 5 ^ is given by 

m,5,gf»(x (8)>') = 

(6.2.4) 2 ® y^O ® (x.y,-)*' + (w)^' ® ^i5i(x, ® + {^ixeytf^ » 5 i (x, ® 
where as before we use the Sweedler notation 

OT.(x) = Y^X(^ Xr, m^Cv) = ^ yt ® yr- 

and 

(_)<i : ^ 

sends to Mi and all other Milnor generators to 0. Thus we have 
m,5^.(^f ) = 

t+r= i 
('+r'=f 

Now the operator S\is obviously given by 

(6.2.5) ^!(.®.) = |7' - = C^ = C.«i.«20dd, 

10 otherwise, 

so that S ^ti^f ® ) - whenever A: > or A:' > 0. And among the remaining values 5 jr*(^j ® ^f) the 
only nonzero ones are given by 

S^.iii ® ^i) = M3 + Mi,2 = + M2,i, 

5 jr.(fl ® ^2) = S^,{^2 ® fl) = M2,3 + M3,2 = MjA/^j, 

5^.(6 ® fi) = M5,2 + M4,3 = MiM^j. 
Then further passing to Sr^ means, as before, to remove the monomials not containing M14, so that the 
only nonzero values of the form 5/;, (f?' ® ) are 

5«,(fi ® ^2) = SrM ® fi) = MiM^ J. 

Hence we obtain 

(6.2.6) Proposition. 

iS .(^„ ® = CiC'-i^MiMl, ® 1 + C2C-1 ® MiM2 J ® 1 + ®Ml, ® 1 + ® M2 1 ® 1 . 

□ 

As for Lt above, we then solve these equations obtaining e. g. 
5.(fi,A) = 0, 



5.(^1,^3) = 5.(^3,^0 = M4,2,2,l + MiM^ J J 



+ MiMj + MiMI^ + M1MI2 + MiM^iii + M\m\^^^ + M\mI, 



5.(^2,^2) = 0, 

5.(^3,^1) = M 
5.(^2,6) = 5.(^3,^2) = M6,2,2,l + M4,4,2,l + M2,4,2,2,l 
+ Al 
5.(^3,6)^0, 
5.(6,6) = 5.(6,6) = ^8,4,2,2,1 + MiM^jii, 

5 ,(6, 6) = ^ *(6» 6) = -^10,4,2,2,1 + Ms,6,2,2,i + -^8,4,4,2,1 + M8_2,4,2,2,l + ^2,8,4,2,2,1 



66 



6. THE INVARIANTS L AND S AND THE DUAL INVARIANTS L, AND S. IN TERMS OF GENERATORS 



etc. 



CHAPTER 7 



The extended Steenrod algebra and its cocycle 



We show that the dual invariant S . determines a singular extension of the Hopf algebra structure of teh 
Steenrod algebra. We aslo give a formula for a cocycle representing the extension. Then we show that S, 
is related to a formula which describes the main result of Kristensen on secondary cohomology operations. 
A proof of this formula did not appear in the literature yet. 

7.1. Singular extensions of Hopf algebras 

In this section we introduce a singular extension ^ of the Steenrod algebra ^ which is determined by 

the symmetry operator S . 

(7.1.1) Definition. A singular extension of a Hopf algebra A is a direct sum diagram 

! p 

q s 

i. e. one has ps = id^, qi = ids and sp+iq = id^, such that A is an algebra with multipUcation/i : A®A —¥ A 
and A is also a coalgebra with diagonal <5 : A — > A (g) A. (Here we do not assume that 5 is a homomorphism 
of algebras, or equivalently that /i is a homomorphism of coalgebras, so that in general A is not a Hopf 
algebra). In addition p is an algebra homomorphism, and s is a coalgebra homomorphism. Moreover (i, p) 
must be a singular extension of algebras and (q, s) must be a singular extension of coalgebras. This means 
that the ideal R = ker i of the algebra A is a square zero ideal, i. e. xy = for any x,y € R, and the coideal 
R = cokeri' of the coalgebra A is a square zero coideal, i. e. the composite 

5 ^ q<Sq 

A -> A (g)A — > R®R 



It follows that the A-A-bimodule and A-A-bicomodule structures on R descend to an A-A-bimodule 
and A-A-bicomodule structures respectively. 

Our basic example of a singular Hopf algebra extension is as follows. We have seen that R from (6.1.1) 
has an ^-^-bimodule structure. Now it also has an j2/-^-bicomodule structure as follows. On the one 
hand, there is a diagonal Aj? : — > = ker(^ ® q^) induced in the commutative diagram 



I 

Al 

y 



A 



R^ > ^ ^0 ® ^o"^^ ^ ® ^ 

with short exact rows. Moreover there is a short exact sequence 

R.^ ®R,9 ■>—^.^Q®R.^ ®R,^®^Q 9^ R^^, 

where i^ : R^ ^ is the inclusion. Since the composite of the quotient map 

^o®Rsr ®R^®^(, ss/®R®R®£!s/ 
with f^^ is obviously zero, we get the induced map 

R^^2 S2fiS>R®R(SiS2f. 
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Moreover the diagonal of factors through this map as follows 



(7.1.2) 



R- 

I 



I 

I A 
Y 

■R(2) C 



giving the left, resp. right coaction Af, resp. of the desired -si -bicomodule structure on R. 

Note that the above construction is actually precisely dual to the standard procedure for equipping the 
kernel of a singular extension with a structure of a bimodule over a base. In particular we could use the 
dual diagram 



(7.1.3) 



si®R®R®£^ ■ 
I 

I GO 

Y 

R^ 



I 

I m 

Y 

-R^ ^ 



■^0 



to give R via nii and nir the structure of s^-s^ -bimodule. 

(7.1.4) Theorem. There is a unique singular extension of Hopf algebras 



I.-^R- 



where si is the split singular extension of algebras, that is, as an algebra 

si = si ® YT^R 

is the semidirect product with multiplication 

{a, r){a', r') = {aa',ar' + ra') 

and the following conditions are satisfied. 

The induced si -si -bimodule and si -si -bicomodule structures on Yr^R are given by the ones indi- 
cated in (7.1 .2) above, and the diagonal 6 of the coalgebra si fits into the commutative diagram 



(7.1.5) 



si- 



Yr^R- 



■ si ®si 



where S is the symmetry operator in (6.2.1). 



We will prove this theorem together with the dual statement. Note that clearly the dual of a singular 
extension of any Hopf algebra A is a singular extension of the dual Hopf algebra A,. Clearly then the above 
theorem is equivalent to 

(7.1.6) Theorem. There is a unique singular extension of Hopf algebras 



Y-^R, 



: si s/», 

p. 



where si, is the split singular extension of coalgebras, that is, as a coalgebra 



with diagonal 



si,.®Y'^R, 



m, 

mr^ 
nii-^ 




) Y-^R, 



)Y-^R,®Y-^R, 



where the diagonal m, is dual to the multiplication m : si ® si si and m^,, mrt are the si^-si^- 
bicomodule structure maps dual to the si -si -bimodule structure maps m^ : si ® Y'^R — > Y'^R, my : 
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l.~^R g) ^ — > 1,~^R in (7.1.3), where the induced ^,-^f-bimodule structure on is dual to the ^-si- 
bicomodide structure indicated in (7.1.2) above, and where the multiplication St of the algebra s^^ satisfies 
the commutation rule 

P*(y)p*{x) = p^ix)p^(y) + S »ix ®y) 

for any x,y € where 

5. : ^ 1,'^R. 

is the cosymmetry operator from (4.8.6). 

Proof of (7. 1 .4) and (7. 1 .6). The diagonal 6 can be written as follows 

'011 lAl2' 
*21 022 
031 032 

Then the condition that s : .c/ ^ ® l.'^R is a coalgebra homomorphism implies (pn - S and <p2i - 0, 
031 = 0, <p4i - 0. Moreover the condition that the ^-^-bicomodule structure induced on l.^^R coincides 
with the one given in (7.1.2) implies 022 = Af, ^32 = A^. Next the condition that (s,q) is a singular 
extension of coalgebras, i. e. the coideal R has zero comultiplication, implies ^42 = 0. Finally, let us look 
at the diagram (7.1.5). The lower composite in this diagram sends (a, r) e ^ © 1,^^R to 

(S (r), 0, 0, 0) e j2/®.b/ © © S"'^®^ © 

The upper composite sends it to 

(1 + Tfdia, r) = (1 + T)idia) + ,f>nir), Atir), A,(0, 0) 

= ((1 + T)S(a) + (1 + T)0i2(r), A((r) + TAr(r), A,(0 + TAf(r), 0). 

Since 5 is cocommutative, one has (1 + 7)5 = 0. Moreover cocommutativity of A : J^o — > ® =^0 implies 
TA( - Ar, TAr = Af. Thus commutativity of (7.1.5) is equivalent to the condition 

(7.1.7) (l+r)0i2 = 5 

Equivalently, passing to the dual we see that the dual map = (pn, : M ® M — > ^^^R* must satisfy 

Now it is easy to see that ^, is in fact the algebra cocycle determining the algebra extension 

R, > ^ J^*, 

that is, in ^* = ^* © Jl^^Rt one has 

(a,fi)(a',/3') = (aa, afi' + /3a' + ^,(a ® a'))- 

Hence by (7. 1 .7) one has 

{a,P){a',p') - ia',/3')ia,P) = (0,5, (or® a')). 
Now recall that jz/, is actually a polynomial algebra. Using this fact it has been shown in [3, 16.2] that 
the algebra structure of any of its singular extensions such as ^ above is completely determined by its 
commutator map, i. e. by 5*. Thus 0i2, and hence the whole (f>ij matrix is uniquely determined. It 
is then straightforward to check that indeed this matrix yields a coalgebra structure on ^ with desired 
properties. n 

It follows immediately from (7.1.6) (and actually this was also deduced during its proof) that one has 

(7.1.8) Corollary. For the cosymmetry operator S^from (4.8.6) there exists a map 

^. : ® ^. ^ I"'^. 

which is a 2-cocycle, i. e. for any x, y, z e jz/, one has 

x^.(y,z) + ^.(x,yz) = z^»(x,y) + ^*(xy,z) 

and such that its symmetrization is equal to S „ i. e. for any x, j e ^ one has 

^,(x, y) + ^.(y, x)=S .(x, y). 
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Proof. This follows since any extension 



M>-^A' — 

of a commutative algebra A by a symmetric A-module M is determined by a 2-cocycle c : AisA ^ M such 
that for any x,y €A' one has 

xy - yx = i{c{px, py) - c(py, px)), 
i. e. the commutator map for A' is given by the antisymmetrization of c. Of course for p — 2 there is no 
difference between symmetrization and antisyrmnetrization. □ 

(7.1.9) Remark. The above coroUary is easily seen to be exactly dual to [3, Theorem 16.1.5]. 

Using the extended Steenrod algebra we can next compute the deviation of the cocycle ^, from being 
an ^-comodule homomorphism. Namely, let 

be the difference between the upper and lower composites in the diagram 

coaction ^ _ ^ _ . 



(7.1.10) 



Thus on elements we have 

(7.1.11) Vf.CJc.y) = ^^*{x,y)s^®^,{x,y)R -Y^xtyt' ®^*{Xr,yr'), 

where again the Sweedler notation is used, 

for the diagonal 



m, : 



and 

for the coaction 



a* : C — > ® C 



of a left .e^-comodule C. 

Let us also denote by Vs * the similar operator but with S , in place of That is, we define 

^s*{x,y) = »{x,y)s!^ ® S »{x,y)R - ^xeyc ® S »{xr,yr'). 
We then obviously have 
(7.1.12) ^ax,y) + Vf,(3',^) = ^s.{x,y) 

for any x,y e 

(7.1.13) Lemma. The map V^^ above is a 2-cocycle, i. e. for any x,y,z e one has 

m^ix)V^fy,z) + Vf.(x,>'z) = Vf,(x,>')m.(z) + V^^{xy,z). 
Proof. First note that the diagram 



-m*®coaction . . . - 



(5,i8action 
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commutes — this follows from the fact that the action and coaction of on are induced from the 
multiplication and comultiplication in ^« which is a Hopf algebra. 
We thus conclude that the coaction map 

R^^ si.,® R, 

is a homomorphism of M -modules, so that its composite with the cocycle ^, is a cocycle. It thus remains 
to show that the composite 

in the diagram (7. 1 . 10) is also a cocycle. Let us denote this composite by (p. 

Now observe that the Hopf algebra diagram for expressing interchange of the multiplication and 
diagonal can be written on elements as follows: 

^(xy)^ ® (xy)r = ^ xeyc ® Xrjr' ■ 

Using this identity we then have for any x,y,z€ -s/* 

m,ix)4>(y,z) = ^xtyt'Zt" ®Xr^»(yr',Zr"y, 

^(x,yz) = ^ X((yz)(' ® f,(xr, (yz)r-) = (<J. ® f.) X{ ® (yzjp ®Xr® (yz)r') 

= (6, ® f ,) X( ® y(,Z{" ®Xr® yr'Zr") = ^ x^y^-z^" ® f .(x^, >VZr"); 

^(xy, z) = ^(xy)^Zf' ® ^,((xy)r, z^O = (5, ® (^(xy)^ ® z^- ® (xy)^ ® z,-) 

= (5, ® f ,) XfJ^' ® Zf" ® Xrjr- ® Zr") = ^ X{y{'Z{" ® ^H.(XrJ^> 

^(x,y)m,(z) = ^Xfyf'Zf" ® ^.(x^.y^'kr-'- 
These indentities readily imply that ^ is a cocycle as required. □ 

We next use the fact the cocycle V^_^ is defined on a polynomial algebra and hence can be expressed by 
its values on generators and by its (anti)symmetrization V^,. Indeed the proof of [3, 16.2.3] works in this 
generality, i. e. one has 

(7.1.14) Proposihon. Let P = k[^\,^2, •••] be a polynomial algebra over a commutative ring k, let M 
be a P-module, let 

be a Hochschild 2-cocycle, i. e. one has 

xy(y, z) - r(xv, z) + r(x, yz) - zyix, y) -0 
for all x,y,z e P, and let a be the antisyminetrization of y, i. e. 

a-(x,y) = y{x,y) - y{y,x). 

Then, up to coboundaries, y can be recovered from cr, i. e. there is a cocycle y^- cohomologous to y which 
depends only on cr. 

Proof. To y corresponds a singular extension of A:-algebras 

M> ^ E ^ P 

whose isomorphism class uniquely determines the cohomology class of y. Let us choose for each polyno- 
mial generator f„ e f an element s{(n) e E with ps(^„) = Furthermore let us choose an ordering on 
the polynomial generators of P, f i < (2 < these data determine uniquely a A:-Unear section of p, by the 
formula 

siUin,---) = Si(„,)si(„,) ■ ■ ■ 

for any finite sequence n\ ^ n2 ^ ■ ■ ■ of positive integers. Then we can use s to construct the cocycle y^- 
cohomologous to y determined by 

s(xy) = s(x)s(y) + iya-(x,y). 
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But if X and y are monomials, then sixy) and six)s(y) differ only by the order of terms, so that iya-ix,y) is 
contained in the ideal generated by commutators 

for i > j. So in fact one can express each 7o-(x, y) by a linear combination of elements of M of the form 
za-i^i, ^j) for z€ P. □ 

(7.1.15) Remark. Obviously the above proof actually contains an algorithm for expressing the cocycle 
7o- in terms of cr. For x = („,(„^ ■ ■ ■ andy = ^mxUi ' ■ ' with «i < < • • • < m < m2 ^ ■ ■ ■ < mi, 
either one has Uk < mi, in which case ya-ix,y) = since six)s(y) = sixy), or one has rik > mi, in which 
case one can write 

Applying the same procedure again several times one finally arrives at i(xy)+(a sum of elements of the 
form z£r(f,, f^)). In fact it is easy to see that one has 

ni>mj 

In the characteristic p > Q case further obvious simpUfications occur. In particular we can choose the 
cocycle ^, in (7.1.8) in such a way that the formula 

,C:C^-■■■)- 



•<J 

ei, dj odd 



holds 



The operator Vj, is readily computable. It is a symmetric biderivation, with Vst{x,x) = for all x, 
thus uniquely determined by its values of the form ,(^„, ^m) for n <m, which are expressed easily from 
the corresponding values of 5 For example, one has 

V5,(A,f2) = ^l®M2;, 

Vs,(6, 6) = [C[ + Ml) ® Ml, + ® Ml , , + ® (M^Ms + MiM2,i,i + Ms + M^,! + M^a + M2,i,i,if . 
V5*(fi, ^4) = ® Ml, + ® Ml, , + ® Ml^ , „ 
Vs. (^2, f4) = {^l^ + ® Ml, + f}i ® i 1 

+ f> (M^Ma + MiM2,i,i + M5 + M4,i + M3,2 + M2,i,i,i)' + ® M^^ j ^ 

+ ® (m^Ms + Ml,M3 + M\Ma, 2,1,1 + A/9 + A/7,2 + M6,2,l + ^5,4 + M3,4,2 + A/4,3,2 + A/4,4,1 
+M2,4,2,1 + M4,2,l,l,l)^ , 

etc. 

7.2. The formula of Kristensen 

We will next use certain elements defined in [12, Theorem 3.3] to derive more explicit expressions for 
^„ hence for 5,, V5, and V^^. We recall that Kristensen defines 

A[a, b] = (Sqi ® Sq°'^)5 Sq""^ Sq*"^ + Sq''-^ Sq^'^ + 2 _ / (Sq"^*-^-^ Sq^'^ + Sq"^*"^-^ Sq^-^) 

j \ J ' 

for natural numbers a, b. Obviously one has 

A[a,b\ = (Sq' ®Sq*^'')a([a,^]), 
where k is the operator determined by 

kixy) = xixxix)xx(y)) 
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for x,y € . We then interpret A [a, b] as an F-linear operator of the form 
given by 

which is factored through ® ' -» and then restricted to .R^ >-> . We then can dualize K 
to get 

(7.2.1) DEFiNinoN. We define an F-linear operator 

as composite with the quotient map of the dual of K above (whose image lies in that of 

: .^f .^f ® .^f . 

Thus expUcitly, is the composite 

Sa' -.aSa"'' <S m -, , M?®M? 

^, ® ^ ^ ) ® ^ ^ w ^ ® ^ ® ® 



landing in ® and precomposed with ^^'^ ^ ™ elements, 

^:.(x ®y) = {Mj ® M^) L.(^i ^ ^)) = m,(M2 ^ ^)^' . 

One thus has 

^^«i+m,^«2+m,-i^2 m, mz odd, «; = m,- = for i > 2, 



(7.2.2) ^:.(C^2'---®CC---) = 

We have 



otherwise. 



K^{x®y) + K,(y » x) = 



(7.2.3) Proposition. Symmetrization of the operator A", dual to the operator S r in (6.2.2), i. e. is given 
by precomposing S ^ t given in (6.2.4) with the restriction map -» R ^J^. 

Proof. From the above formula (7.2.2), for monomials x = C\Ci^ ' ' ' y = f™'^™^^™^ • • • we 
have 

[m"'"""'M^^/"'"^"'m2 J, rtiOT2 + mim odd and n,- = m,- = for i > 2, 
lo otherwise. 

On the other hand, using the explicit expression (6.2.4) and the expression for the operator 5 ^ in (6.2.5) we 
can write 

m.5^.(x®j)= Yj A'*"^"''"'®(^^3'.')*'+(A®1 + 1®A) Yj 

„ —/Zn-l y. —yln-\ 

ye =1,1 yr'=ii 
From the expression (5.1.5) for the Milnor diagonal we thus see that for monomials x = ^"'^j^^s' ' ' ' 
y = ^™'^2 ^^r^ ■ ' ■ has 5'^,(x®y) = unless n, = nij = for i > 2, whereas in the remaining cases one 
has 



-j+n2+m2 



!, J odd 

+ (A ® 1 + 1 ® A) 2 /«! V^Wl \^;+y+2fe+m2) ^ 



()<y<mi 
«1 - / + «2) 'Wl ^ j + odd 

Let us now turn back to the symmetrization of K^. We compute its image under the map m,; by (5.3.6) 
it sends Mi to f i 1 + 1 (gi fi, Mij to ® and M2,i to ® fi. Thus the nonzero values of this image 
are, iorn\m2 + m\n2 odd. 
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Then expanding i » 1 + 1 » = (fi ® 1 + 1 ® fi)"' (fi » 1 + 1 ® ^i)"" via binomials we obtain 



It follows that nonzero values of the difference m,(S^, - + 7")) on monomials in Milnor generators 
are equal to 



^ /nij/mi\ ;+j+2(„2+m2)+l gi^: 



(, 7 odd 



ni - I + n2> - 7 + m2 odd 



Zmiumn ,+j+2(„2+m2)+l ^ c.ni+mi-i-7+n2+m2 



()<7<mi 
«i - i + n2, m\ - j + ffi2 even 



^ |" 1 j^i+J+2(n2+m2) ^ni+mi-i-j+m+mi+l 



for m/wi + min2 odd and ot,>S^,(^j'^2^ ® ^™'^™^) for nim2 + min2 even. 
The first expression can be rewritten as 



■n\+mi-k 



i /iit + 1 - J 



- I odd n\-i + n2, mi - k + i + m2 odd ni - i + n2, fn\ - k - I + i + m2 even 



and in the second case we may write 



IKk-i'im, 0<A:-i<mi 0<i:+l-i<mi 

V/, - / odd /i] ~ / + «2' f^l - k + i + m2 odd «i - / + «2' '"l - k~ 1 + / + m2 odd 

One then shows that these expressions lie in the subalgebra of ® generated by and 
^1 ig) 1 + 1 ® ^1 , without involvement of ® f i . This means that the image of the difference S ^t-Kf{l + T) 
under the restriction map -» R^f^ is zero. □ 



CHAPTER 8 



Computation of the algebra of secondary cohomology operations and 

its dual 



We first describe explicit splittings of the pair algebra of relations in the Steenrod algebra and 
its dual Then we describe in terms of these splittings s the multiplication maps A* for the Hopf pair 
algebra of secondary cohomology operations and we describe the dual maps determining the Hopf 
pair coalgebra dual to On the basis of the main result in the book [3J we describe systems of 
equations which can be solved inductively by a computer and which yield the multiplication maps A* and 
A 5 as a solution. It turns out that A , is explicitly given by a formula in which only the values Aj(^„), n > 1, 
have to be computed where ^„ is the Milnor generator in the dual Steenrod algebra 



8.1. Computation of ^'^ and 

Let us fix a function : F — > G which splits the projection G — > F, namely, take 
(8.1.1) x(k mod p) = k mod p^, <k < p. 

We will use;^f to define splittings of = ^t)- Here a splitting s of is an F-linear map for 

which the diagram 



(8.1.2) 



commutes with = im{d) = ker(<j',jf : ,_Fo — > s^). We only consider the case p -2. 

(8. 1 .3) Definiiion (The right equivariant splitting of M''"). Using x, all Adem relations 

[f] 

a — 2k 




[a, b]:=Sq"Sq'' + J]\W,n Sq""'"' Sq* 

k=0 



for a,b > 0, a < 2b, can be hfted to elements \_a,b\^ e Rgg by applying to all coefiicients, i. e. by 
interpreting [a, b'\ as an element of ^. As shown in [3, 16.5.2], is a free right ^o-module with a basis 
consisting of preadmissible relations. For p = 2 these are elements of the form 

Sq"'---Sq"'-'[a;fe,a]e/?^ 

satisfying ai > 2a2, ak-i > 2ak-\, ak-i > 2ak, < 2a. Sending such an element to 

Sq"'---Sq'*-'[a*,a];,e/?B 

determines then a unique right .^o-equivariant splitting in the pair algebra ^^-y that is, we get a commu- 
tative diagram 



Ra^^Rsg®^-- 



^0 
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For a splitting s of the map i®l © l®i induces the map s# in the diagram 



4 

s I 

\ 



\1 



A 



I 



^0 ^0 ® ^0- 

Then the difference U = s#Ar - As : ^ satisfies d^U = since 

d^s#AR =Ar= ArSs = d^As. 
Thus U Ufts to ker d^ = ^ ® ^ and gives an F-linear map 

(8.1.5) V -.R^: ^ si 

If we use the splitting s to identify with the direct sum si © R^, then it is clear that knowledge of 

the map JJ^ determines the diagonal .^J' completely. Indeed s# yields the identification 

= ^/(8>^/ ffi/jj^\ and under these identifications A : -» corresponds to a map 

which by commutativity of (8.1.4) must have the form 

(8.1.6) ^ffi/?^ ° -> s/(2>s/®r'-^ 

and is thus determined by U\ 

One readily checks that the map foTs-(f> in (8.1.3) coincides with the map U defined in [3, 16.4.3] 
in terms of the algebra 

Given the splitting s and the map J/', the only piece of structure remaining to determine the Alg^""^- 
comonoid structure of completely is the ^o-=^o-bimodule structure on = s/ ®R^. Consider for 
f € ^o,r € Rg; the difference s{fr) - fs{r). It belongs to the kernel of d since 

dsifr) = fr = fds{r) = d{fs{r)). 

Thus we obtain the left multiplication map 

(8.1.7) a' : ^o^Rj! ^ si. 
Similarly we obtain the right multiplication map 

¥ -.Rsc^^Q^ si 

by the difference s{rf) - s{r)f. 

(8.1.8) Lemma. For s = <p in (8.1.3) the right multiplication map b'^ is trivial, that is <p is right equi- 
variant, and the left multiplication map factors through qg: ® 1 inducing the map 

a^ : si ®R^ si. 

Proof. Right equivariance holds by definition. As for the factorization, Rg^ ® ^ ® is in 
the kernel of a'^ : R^ si, since by right equivariance of s and by the pair algebra property (4.1.8) 
for one has for any r,r' e 

sirr') = s{r)r' = i(r)5i(r') = (5i(r))5(r') = rs(r'). 

Hence factoring the above map through {^q R_^)/{R^ ® R_^) = si ® R^ we obtain a map 

si^R^ -> si. 



Sunmiarizing the above, we thus have proved 
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(8.1.9) Proposition. Using the splitting s = (/> ofS^ in (8.1.3) the comonoid^ in the category Alg^"' 
described in (4.5.4) is completely determined by the maps 

and 

a^ : ^®/?^ si 

given in (8.1.5) and (8.1.7) respectively. 



We next introduce another splitting s = i^i lor which V = 0. For this we use the fact that ^ = 
Hom(^,F)and 

(8.1.10) =^# = Hom(^o,C3) 

with ^0 = Tg{Ej^) both are polynomial algebras in such a way that generators of M are also (part of the) 
generators of ,^#. 

Using in (8.1.1) we obtain the function 

(8.1.11) i/r^:^, 

(which is not F-linear) as follows. Each element x in ^ is uniquely an F-linear combination x =Yja '^acn 
where a runs through the monomials in Milnor generators. Such a monomial can be also considered as an 
element in ^# by (5.2.6) so that we can define 

a 

(8.1.12) Definition (The comultiplicative splitting of ^^). Consider the following commutative dia- 
gram with exact rows and colunms 



•Hom(/?^,F) 



j 



Hom(/?<^,G) 

Jr 

■Hom(/?^,F)- 



with the columns induced by the short exact sequence F G -» F and the rows induced by (4.7.1). In 
particular q is induced by the inclusion R^g c ^o- Now it is clear that if/;^ yields a map qi/f;^ which Ufts to 
Hom(/?^, F) so that we get the map 

qiff^ : M -> <^p 

which splits the projection -» Moreover qilr^ is F-linear since for all x,y e the elements 
0^(x) + i/'^Cy) - i//;(ix + y) € ^# are in the image of the inclusion jq^, : >-> ^# and thus go to zero 
under q. 

The dual of qiffj^ is thus a retraction {qiffxT in the short exact sequence 



Rg^ 



■Rsg^F- 



which induces the splitting - (^0^)1 of determined by 

4f{n{x)) = x- iHqt/Zj^Yix)). 
(8.1.13) Lemma. For the splitting s = iff of^^ we have = 0. 
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Proof. We must show that the following diagram commutes: 



As 



(2) 
It'll 



Obviously this is equivalent to commutativity of the dual diagram 

A. 



•Hom(/?<g,F) 



R' 



i(2) 



which in turn is equivalent to commutativity of 



(8.1.14) 



i'l'ii)i 



A, 



•Hom(/?^,F). 



On the other hand, the left hand vertical map in the latter diagram can be included into another commutative 
diagram 

s — — — ' rsa r?/ 



It follows that on elements, commutativity of (8.1.14) means that the equahty 

holds for any x,y e By linearity, it is clearly enough to prove this when x and y are monomials in 
Milnor generators. 

For this observe that for any x e ^ = Hom(,2/,F), the element qij/^ix) € Hom(/J^,F) is the unique 
F-linear map making the diagram 



R^g > 
I 

y 

F>- 



commute. This uniqueness impUes the equality we need in view of the following commutative diagram 
with exact columns: 



V 



.(2) . 



•F®F- 



50 09 i^o 



-^F 



■F(g>F- 



:F, 



since when x and y are monomials in Milnor generators, one has ij/^^ixy) - ij/^{x)i//j^(y). 
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Therefore we call if/ the comultiphcative splitting of i0 . We now want to compute the left and right 
multiplication maps and b'l' defined in (8.1.7). The dual maps = {d^), and = (b'^)* can be described 
by the diagrams 



(8.1.15) 



and 



(8.1.16) 



Here m» is dual to the multiplication in and ml and are induced by the ^o-"^o-bimodule structure of 
Rsg ® F. One readily checks 

fliA - niiq^x " ® q^x^'"* 

We now consider the diagram 



Here i/ff is defined similarly as (ir^- in (8.1.11) by the formula 



afi 



where a, /3 run through the monomials in Milnor generators. Moreover is the dual of the multiplication 
mapm^of ^0 = Tg(E^). 

(8.1.17) Lemma. The difference ot?0^ - >l^mt lifts to an F-linear map : ^ — > ® such that 
one has 



a^ = {\®n)V^ 
b^ = (;r® 1)V^. 

Here n : -» Rg;^ is induced by the inclusion R^ c ^q. 

Proof. We will only prove the first equality; the proof for the second one is completely similar. 
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The foUowing diagram 




commutes except for the innermost square, whose deviation from commutativity is and hes in the image 

of -J^t (g) ^ (g) .^#, and the outermost square, whose deviation from commutativity is and Hes in 
the image of ® R^t ^ ® R^St. It follows that (1 ® 7t)V^ and have the same image under j ® Jr, 
and since the latter map is injective we are done. □ 

Let us describe the map more explicitly. 

(8.1.18) Lemma. The map factors as follows 



i< — > J?. 



Proof. Let c fJ§# be the subring generated by the elements Mi, M21, M421, M8421, .... It is then 
clear that the image of (^^ lies in £/# and the reduction -» carries ^ to M,. Moreover obviously 
the image of if/^nit lies in hence it only remains to show the inclusion 

Since is a ring homomorphism, it suffices to check this on the generators Mj, M21, M421, Mg42i, .... But 
this is clear from (5 .3 .3). □ 

(8. LI 9) Corollary. For the comultiplicative splitting iff one has 

a^. = 0. 

Moreover the map factors as follows 

R^, ® — > R^, ® 

Proof. The first statement follows as by definition n{^,) = 0; the second is obvious. □ 
Using the splitting iff we get the following analogue of (8.L9). 

(8.L20) Proposition. The comonoid in the category Alg^""^ described in (4.5.4) is completely 
determined by the multiplication map 

h''' : /?,3r ® .6/ ^ ^ 
dual to the map from 8.1.19. In fact, the identification 
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induced by the splitting s = >// identifies the diagonal of 10 with ffi A« (see (8.1.5), (8.1.6)J, and the 
himodule structure ofM\ with 

fia,r) = (fa,fr) 

ia,r)f = (af-bHr,hrf) 

for f e r e Rg:, a e 

8.2. Computation of the Hopf pair algebra 

The Hopf pair algebra 'f = in (4.6.15), given by the algebra of secondary cohomology operations, 
satisfies the following crucial condition which we deduce from [3, 16.1.5]. 

(8.2. 1) Theorem. There exists a right ^Q-equivariant splitting 

M : = 7?^ ® F ^ ^1 ®F = 

of the projection ^\ — > see (4.6.4), such that the following holds. The diagram 

^ > — ^ ^ ^0 — ^ 



I. 

11 


/, 

a g 1 








1 







^> — — 

commutes, where u is the inclusion. Moreover in the diagram of diagonals, see (4.6.5), 

K «(§)« 

(^^®i^^)l 

the difference ts.agu - (u%iu)Ar lifts to 'E.b/ (8 ^ and satisfies 

= A^gu - (m®m)Ar : " » R — ® ^ 
where ^ is dual to in (7.1.8). Here n is the projections^ Rg^ -» R. The cocycle^ is trivial ifp is odd. 

(8.2.2) DEFiNmoN. Using a sphtting u of as in (8.2.1) we define a multiplication operator 

A : ®R^ -> 

by the equation 

A{a ® x) = u{ax) - au{x) 

for a E ,^o> X e Rgg. Thus -A is a multiplication map as studied in [3, 16.3.1]. Fixing a sphtting s of 
as in (8.1.2) we define an s-multiplication operator A^ to be the composite 

A' : ®R^-^i2^ ®R^^-^Y.j^ . 
Such operators have the properties of the following ^-multiplication maps. 

(8.2.3) Definition. Let s be a splitting of as in (8.1.2) and let U\ a\ be defined as in section 
8.1. An s-multiplication map 

A' : s^/(2)R^ si 

is an F-linear map of degree -1 satisfying the following conditions with or, Qr',yS,jS' e =^o. Jc. J e 

(1) A'(a, xp) = A'{a, x)/3 + x(a)b'(x,P) 

(2) A\aa', x) = A '(a, a'x) + x(a)a''(a', x) + (-l)'^^sWaA'(a' , x) 

(3) 6A\a, x) = A^(a ® Ax) + L(a, x) + V^(a, x) + 6x(a)U\x). 
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Here A* : ^ ® R^'^ -> ^ ® ^ is defined by the equalities 

Alia <8) X (8);S') = 2(-l)'''«*"'^'''«''^U'(Qr^, x) ® a,j8', 

where as always 

6{a) = ^ or^ ® OTr e ^ ® 
Two i-multipUcation maps A* and A*' are equivalent if there exists an F-Unear map 

y : si 

of degree -1 such that the equaUty 

A\a, X) - A" (a, x) = yiax) - i-lf^^''^ayix) 
holds for any a € s/, x € R,^ and moreover y is right =^o-equivariant and the diagram 

7 



commutes, with y® given by 



for a,/3 e ^o, x,y e R^. 



7»(x(g)/3) = 7(x)®y6, 
y^{a®y) = (-l)'^'=sWa ® yCj) 



(8.2.4) Theorem. There exists an s-multiplication map A^ and any two such s-multipUcation maps 
are equivalent Moreover each s-multiplication map is an s-multiplication operator as in (8.2.2) and vice 
versa. 

Proof. We apply [3, 16.3.3]. In fact, we obtain by A* the multiplication operator 

A : ®Rsg = si®si ® si^Rg: 

with 

(8.2.5) A(a ® x) = A'{a ® jc) + K{a)^ 

where (x, ^) e R^ ®s/= R^g ® F corresponds to x, that is s{x) + = xfov i : c Rgg ® F. □ 

(8.2.6) Remark. For the splitting i = of in (8.1.3) the maps 

An,m : ^ ^ ^ 

are defined by A„ ^(cc) - A'^{a ® [n, m\), with [n, m] the Adem relations in R,^. Using formulae in (8.2.3) 
the maps A„_„, determine the ^-multiplication map A'^ completely. The maps A„_„, coincide with the corre- 
sponding maps A„ „, in [3, 16.4.4]. In [3, 16.6] an algorithm for determination of A„„, is described, leading 
to a list of values of A„ ,„ on the elements of the admissible basis of . The algorithm for the computation 
of A„_m can be deduced from theorem (8.2.4) above. 

(8.2.7) Remark. Triple Massey products {a, (3, y) with a,l3, y e -s/, a/3 - Q - Py, as in (4.6.16) can be 
computed by A' as follows. Let py e R^ be given as in (4.6.16). Then py®\e Rag ® F satisfies 

py®\= s{x) + 1(^) 

with X € 7?^, ^ e ^ and {a,p, y) satisfies 

A\a ® x) -I- x{a)^ e {a,p, y) . 

Compare [3, 16.3.4]. 
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Now it is clear how to introduce via a", b\ U", ^, h, and A" a Hopf pair algebra structure on 
(8.2.8) 

which is isomorphic to compare (8.1.9). 

In the next section we describe an algorithm for the computation of a ^ir-multiplication map, where tfr 
is the comultiphcative spUtting of in (8.1.12). For this we compute the dual map of A'^. 

8.3. Computation of the Hopf pair coalgebra 

For the comultiphcative sphtting s = tj/oi in (8 . 1 . 1 2) we introduce the following ^if-comultiplication 
maps which are dual to the ^-multiphcation maps in (8.2.3). 

(8.3.1) Definition. Let be given as in 8.1.19. A t//-comultiplication map 

: -> M ® R^* 
is an F-linear map of degree +1 satisfying the following conditions. 
(1) The maps in the diagram 

A,,, 



satisfy 

(1 ® OT^A^, = (A^ ® i)m^ + (%. ® 5|^)ot,. 

Here is computed in (5.1.7) and is defined in (8.1.16). 
(2) The maps in the diagram 



satisfy 

(1 ®ml)A^ = (1 ® ! ® l)(m. ® 1)A^ - (r® i ® 1)(1 ® A^)m,. 

Here mf is as in (8.1.15), and t : jz/, — > .e/, is given by t(q') = (-1)*s(«)q^. 
(3) For x,y e the product xy in the algebra satisfies the formula 

A^(xy) = A^(x)m.(y) + (-l)''^s«m.(x)A^(y) + Ux,y) + Vf,(x,y). 

Here L, and V^^ are given in 6.1.13 and 7.1.11 respectively, with L, = V^^ = for p odd. 
Two ^ir-comultiphcation maps A^, A'^ are equivalent if there is a derivation 

of degree +1 satisfying the equahty 

A^-A!^= miy, - (t ® ■y,)m,. 
As a dual statement to (8.2.4) we get 

(8.3.2) Theorem. There exists a tff-comultiplication map A^ and any two such i//-comuhiplication maps 
are equivalent. Moreover each i/z-comultiplication map A^ is the dual of a (//-multiplication map A'^ in 
(8.2.4) with A^ = A''',. 
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□ 

Now dually to (8.2.8), it is clear how to introduce via a^, b^, x,, and a Hopf pair coalgebra 
structure on 

© © R^, ^ — M © R^, 



which is isomorphic to ^f, compare (8.1.20). 

We now embark on the simplification and solution of the equations 8.3.1(1) and 8.3.1(2). To begin 
with, note that the equations 8.3.1(1) imply that the image of the composite map 

actually lies in 

c j^/, ®Rg;,®^,; 

similarly 8.3.1(2) implies that the image of 

A^ l®mj 
M > M ® > ® ®Rg:» 

lies in 

Now one obviously has 

(8.3.3) Lemma. The following conditions on an element x e R^, = Hom(/?^, F) are equivalent: 

• OT^x) e Rsc, ® M c ® 

• xeR^c Rg:^. 

Proof. Recall that R - R,^ IR i. e. R^ is the space of linear forms on R,^ which vanish onR^^. 
Then the first condition means that x : R^ — > F has the property that the composite 

^Q®Rg^ ^R^^F 

vanishes on R^^ (g) c ®R^', but the image of /? ® /? under is precisely R gP". Similarly for 
the second condition. □ 

We thus conclude that the image of lies in s^t®R*. 
Next note that the condition 8.3.1(3) imphes 

(8.3.4) A^(x^) = U{x, X) + l^,{x, X) 

for any x € Moreover the latter formula also implies 

(8.3.5) Profosihon. For any x e ^ one has 

A^(x^) = 0. 

Proof. Since the squaring map is an algebra endomorphism, by 6.1.11 one has 

L,(x,/) = '^(ixtyl ®U{xr,y^f), 

with 

m,{x) = ^X(®Xr, ni,(y) = ^yf, ®yr>. 
But L, vanishes on squares since it is a biderivation, so L, also vanishes on squares. Moreover by (7.1.11) 

V^X^,y') = 2^,(x^);V®^.(x',/)« -Y,^eyl ®Uxly% 
this is zero since (x^ , y^) = for any x and y by (7 . 1 . 1 6). □ 
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Taking the above into account, and identifying the image of : ^ >-> with 8.3.1(1) can be 
rewritten as follows: 

n 

(1 ® m:)A^(^„) = A^(4) ® 1 + + V^.(4_i, ^„_i)) ® ^1 + 2 ^iCi ® ^^(fO, 

(=0 

or 

n 

(=0 

Still more expUcitly one has 

(Hi,j<ik Omk 0<!< 

where we have denoted 
similarly 

As for b^i^i), by 8.1.17 it can be calculated by the formula 
(8.3.6) Vf,)=2^W®^> 

0<7<i 

where Vk are determined by the equalities 

^2',2'-i,...,2 - ■^2'-i,2*-2,...,l = 4 

in For example, 
vi = Mil, 

V2 = M411 + M231 + M222 + A/2121, 

V3 = M8411 + M8231 + ^8222 + ^82121 + M4631 + M4622 + M46121 + M4442 + M4252I + M4243I + M42422 
+ M42412I + M42142I, 

etc. 

Thus putting everything together we see 

(8.3.7) Lemma. The equation 8. 3. 1(1) for the value on f„ is equivalent to 

(l®m:)A^(^„)= ^ 

0<i<n 

where 

0<i<n 0<i< j<n 0<i< j<n 

and, for I < k <n, 

0<Kn-k 

□ 
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For low values of n these equations look like 
(l®m:)A^(^2) = 0, 

(1 ® K)Mii) = A ® ® A + ® 6) + ® ^(M32 + M23 + M212 + M122) ® A 

+ ^1 ®;i-M22 ® A. 

(1 ® mDA^(f4) = ® (7r(M8222 + M722 + M4622 + M4442 + M42422) ® A 

+7r(M822 + ^462 + M444 + M4242) ® ^2 + 7r(M44) (g) ^3) 
+ ^ » 7r(M632 + M623 + ^6212 + ^6122 + M542 + M452 + M443 + M4412 + M4142 + M3422 

+ M2522 + M2432 + M2423 + M24212 + M24122 + M21422 + Mi622 + M1442 + M12422) ® ^1 
+ MM(,22 + M442 + M2A22) ® ^1 

+ <Ms22 + M432 + M423 + M4212 + M4122 + M1422) ® ^1 + ^1^2 ® 'r(M422) ® ^1 

+ f ^ ® (7r(M222) ® f 1 + ;r(M22) ® 6) + ® ;r(M32 + M23 + M212 + M122) ® A 

+ ^^^|®;r(M22)®fi, 

etc. (Note that A^(fi) = by dimension considerations.) 
As for the equations 8.3.1(2), they have form 

(1 ® mf)A^(4) = (fh, ® l)A^(fJ + ff"' ® A^(f„_i) + ff"' ® A^(f„_2) + ... + C-2 ®M^2) + C-i ® A^(^i). 

(8.3.8) Lemma. Suppose given a map satisfying 8.3.1(3) and those instances of 8.3.1(1), 8.3.1(2) 
which involve starting value of on the Milnor generators i(^i), i(^2), —, where i : ^ J^, is the 
inclusion. Then ^ satisfies these equations for all other values too. 

Proof. □ 

Now recall that, as already mentioned in 6. 1, according to [3, 16.5] is a free right ^ -module gener- 
ated by the set PAR c ^ of preadmissible relations. More expUcitly, the composite 

_„ ^ inclusion®! - ^ nf - 

is an isomorphism of right =2/ -modules, where R^^'^ is the F- vector space spanned by the set PAR of pread- 
missible relations. Dually it follows that the composite 

is an isomorphism of right ^*-comodules. Here g : R, -» R^rs denotes the restriction homomorphism from 
the space R^ of F-linear forms on R to the space Rpr^ of Unear forms on its subspace /JP'^ c R spanned by 
PAR. 

It thus follows that we will obtain equations equivalent to 8.3.1(1) if we compose both sides of these 
equations with the isomorphism l®<I>^:j2^i®^, — >j2^i® /?pre ® Let us then denote 



(1 ® <D^A^(^„) = _^P2"-m(A') ® A* 



with some unknown elements Pj(iJ) e (^. ® ^pie)>> where /i runs through some basis of jz/,. 

Now freedom of the right .e^-comodule Rt on R^re means that the above isomorphism fits in the 
commutative diagram 

R, > ^pre ® M 

R, ® ^ Rpre ® M ® 

It follows that we have 

(1 ® 1 ® m.)(l ® K)M^n) = (1 ® O: ® 1)(1 ® m:)A^(^„). 
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Then taking into account 8.3.7 this gives equations 



0<k<n 



with the constants C^^ as in 8.3.7. This immediately determines the elements p/j-i) for |//| > 0. Indeed, the 
above equation implies that (1 igi <1>QA^(^„) actually hes in the subspace <g) Rpre ® H c (g) Rp^e M 
where 11 c M is the following subspace: 



n = j X e I m,ix) € ^ ® F^i 



It is easy to see that actually 



so we can write 



k>0 



(1 ® 0:)A^(^„) = 2'^2--2'+l(^-t) ® 



where we necessarily have 

P2»-2*+l(f*) ® 1 +P2"-2**i + l(f;fe+l) ® +P2"-2M+l(f*+2) ® + ... = (1 ® <»r)(C<^_2,^i). 

for all A: > 1. By dimension considerations, P2«-2'+i(^yt) can only be nonzero for A: < n, so the number of 
unknowns in these equations strictly decreases as k grows. Thus moving "backwards" and using successive 
elimination we determine all P2"-2'+i(5t) for k> 0. 

It is easy to compute values of the isomorphism 1 ® on all elements involved in the constants C^"\ 

In particular, elements of the form <l>^(v^') can be given by an exphcit formula. One has 



a.:(v,)= 2 (Sq''Sq2'-'...Sq^-^^[2'-,2'-4®^f 



0<i<i 



and 

O^vf ') = 2 (Sq''"" Sq'"'" • • • Sq^'"" [T^^'K 2'^^'% ® ^, 



0<i<k 

SO our "upside-down" solving gives 



P2"-2"-+i(f„-2) = fi'"'"" ® [2"-^ 2"-\ + ® (Sq2"" [2"-\ 2"-'])^ 

P2"-2«-3.i(4-3) - ^i^r ® l2"-\2"-\ + ® (sq2""[2"-4,2"-4])^ + ® (Sq^"" Sq2""[2«-\ 2"-^])^ 



for k <n - I. 
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As for p2i_i(^i), here we do not have a general formula, but nevertheless it is easy to compute this 
value explicitly. In this way we obtain, for example, 

Pi(A) = 0, 
P3(A) = 0, 

P7(fi) = f 1 ® [2, 2]. + ® ([3, 2], + [2, 3].) , 

pisC^i) = ® [2, 2], + tiil ([3, 2], + \2, 31.) + ^1^2^ ^ (sq4[2, 2])^ + ® ((Sq5[2, 2]). + (Sq4[2, 3]).) 
+ (Sq'-P, 2])^ + ^ ® ((Sq^[2, 2J). + (Sq'>[3, 2]). + {Sc^^l, 3]).) , 

P3i(^i) = fi^^f ® [2, 21. + ^^f ® ([3, 21. + [2, 31.) + ^I'ff ® (Sq4[2, 2])^ 
+ ^le^ ® ((Sq^[2, 2]), + (Sq4[2, 3]),) + ® (Sq^[2, 2l)^ 
+ ^ ® ((Sq^[2, 2]), + (Sq«[3, 21). + (Sq^[2, 31).) + ® (Sq' Sq4[2, 2])^ 
+ ((Sq' Sq4[2, 2]). + (Sq'^ Sq4L2, 3]),) + Cit^ ® (Sq'" Sq4[2, 2l)^ 
+ ^ ® ((Sq" Sq4[2, 2]). + (Sq^^ Sq5[2, 2]), + (Sq'^ Sq4[2, 3]).) + (Sq'' Sq«[2, 2])^ 
+ (I ® ((Sqi3 Sq^[2, 2]), + (Sq^^ Sq^[3, 2]), + (Sq>^ Sq^[2, 3]).) , 

etc. 

To summarize, let us state 

(8.3.9) Profosihon. The general solution of 8.3.1(1) for the value on is given by the formula 



A^iin) = (1 ® Kr 2jP2'.-2'+l(^t) ® ik, 

where the elements pji^k) £ i-^* ® ^pre); are the ones explicitly given above for k > Q while P2"(l) e 
® /?pre)2" is arbitrary. 



Let us now treat the equations 8.3.1(2) in a similar way, now using the fact that ^ is a free left s^- 
module on an explicit basis PAR' (see 6.1.2 again). 

Then similarly to the above duahzation it follows that the composite 

t - mi ^ _ Igio' 
Of : /?. ^ » ® ^pre 

is an isomorphism of left jz/.-comodules, where g' : ^ R'^^.^ denotes the restriction homomorphism from 
the space Rt of F-hnear forms on R to the space R'^^ of hnear forms on the subspace of R spanned by 
PAR'. 

Thus similarly to the above the equations 8.3.1(2) are equivalent to ones obtained by composing them 
with the isomorphism 1 ® Of : ® .R, — > ® i8> /^p^. Let us then denote 



(1 ® Of)A^(^„) = o-2"-w(?r) ® ?r. 



;rePAR' 

with some unknown elements o-jin) e (^, (g) jz/.)^, where denotes the corresponding element of the dual 
basis, i. e. the unique hnear form on R'^^^ assigning 1 to ;r and to all other elements of PAR' . 

Now again as above, freedom of the left ^-comodule R^ on R'^^ means that the above isomorphism 
of fits in the commutative diagram 

R. >^.®^;re 

® R» > ® M ® /?pre- 
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In particular one has 

(1 ® 1 ® <Df)(l ® mi)A^{^„) = (1 ® ® 1)(1 ® Of)A^(f„). 
Using this, we obtain that the equations 8.3.1(2) are equivalent to the following system of equations 

where we denote 

^2«-n(7!-) = ' ® CTy-'-klC^) + ® O-l-^-wW + - + C-l ® 0-4-|;r|(7r) + ^^-1 ® cr2_w(7r). 

We next use the following standard fact: 

(8.3. 10) Proposition. For any coalgebra C with the diagonal m» : C ^ C ®C and counit s : C — > F 
there is a contractible cochain complex of the form 

„ di d2 di di 



i. e. one has 

s„d„ +d„-is„-i = Ic* 

for all n. Here, 

di = m,, 

(i2 = 1 ® OT, - OT, ® 1, 

(i3 = 1 (8> 1 (g) OT, - 1 (gi OT, (g) 1 + ;7t, (g) 1 (gi 1 , 

rf4 = l®l(gl(gm«-l(8l®m, (g)l + l(giw, ®l®l-w, (g)l®l(g)l, 
etc., while Sn can be taken to be equal to either 

Sn = S® lc»> 

or 

Sn = !<:«» ® £• 

□ 

Now suppose given the elements cr2k-\,^{n), k <n, satisfying the equations; we must then find cr2n-\n\i^) 

with 

d2cr2n-i„iin) = 1 ®o-2»-w(;r) +Z2"-\Mi^), 
with X2n-\„\{n) as above. Then since Jat/i = 0, it will follow 

^^3(1 ® tr2"-w(^) +^2'.-w(^)) = 0. 

Then 

1 (g) o-2^-\„\(n) + I:2"-\7t\(7^) = (s^di + d2S2)(l ® o"2«-w(^) + ^2"-w(7r)) = 1^2*2(1 ® o-2-'-M(7r) + i:2~-i„[{n)) 
Taking here s„ from the second equality of 8.3. 10, we see that one has 

1 ® 0-2»-w(7r) = ^2"-\K\(n) + J2 (1 ® (1 ® e)(0-2n-\n\(n)) + (1 » 1 ® E)(X2.-\n\(n))) . 

It follows that we can reconstruct the terms o-2"-\7t\{^) from (1 ® e)cr2't-\n\i^), i- e. from their components 
that lie in i?/, (g F c ® 
Then denoting 

cr2"-\n\i^) = X2n-\n\in) ® 1 + cr2,_|^|(;r), 

with 

<T2„_|^|(;r) € J2f^ ig) J2/^, 

the last equation gives 

1 ® X2'-M(n) ® 1 + 1 ® cr^„_|^|(;r) = i:2"-|;r|(?r) + (m. ® 1 + 1 ® m.) ^ " ® X2»-.-|;r|(?r)- 

j>0 

By collecting terms of the form 1 ® ... on both sides, we conclude that any solution for cr satisfies 

o-2»-kl(?r) = m,ix2n-i„iin)) + ^ ff" ® X2n-i-\^in). 

i>0 
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Thus the equations 8.3.1(2) are equivalent to the system of equations 

(1 ® m. + m. ® 1) ^ ^J" ® X2n-i-\^{n) = 1 ® m,{x2n-\^\{n)) + 1 ® (f" ® X2n-i_^^{n) + 2'2"-ki(?r) 

I>0 !>0 

on the elements Xj{n) e Substituting here back the value of Z2''-\n\{n) we obtain the equations 



C ® m,{x2n-i-\^{n)) + rn.iCif" ® X2»-._|;,|(;r) = 1 ® OT.(x2»-|;,|(;r)) + ^ 1 ® ^f" ® :*;2"--w W 

!>0 !>0 I>0 

+ Yj " ® «-.(-*:2--|;r|(7r)) + Yj ' ® ^f " ' ® •^2«-'-;-|m('^)- 

!>0 !'>0j>0 

These equations easily reduce to 

0<j<i 

which is identically true. We thus conclude 

(8.3.1 1) Proposition. The general solution A^(^„) of 8.3.1(2) is determined by 

M^n) = (1 ® 3>f)"' Y •^2»-k|(?r) ® 1 + OT.(x2"-w(;r)) + ^f" ® ^i-f-kK^r) ® ?r., 

;t£PAR' V !>0 / 

where xjin) e s^j are arbitrary homogeneous elements. 



Now to put together 8.3.9 and 8.3.11 we must use the dual 
of the composite isomorphism 



0) : ^W"^' ^R^W^®s^. 

We will need 

(8.3.12) Lemma. There is an inclusion 

fl), (/?pre ® Fi) c ^. ® 

where 

pre pre 

is the subspace of those linear forms on R^'^"' which vanish on all left preadmissible elements [n, m]a e PAR' 
with a€ s^. 

Similarly, there is an inclusion 

a):i(Fi®/?;Jc/?p^^2®^., 

where 

^pre ^ ^pre 

is the subspace of those linear forms on RP'^'^ which vanish on all right preadmissible elements a[n, m] with 
a&s^. 

Proof. DuaUzing, what we have to prove for the first inclusion is that given any admissible monomial 
a e ^ and any [n, OT]fo e PAR' with e in ^ one has the equaUty 

a[n, OT]fc = Y^ fni\bi 

i 

with a,[n„ m,] G PAR and admissible monomials bi € . Indeed, considering a as a monomial in there 
is a unique way to write 

a[n,m] = ^ mi]c, 
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in with a,[n„ m,] e PAR and c, some (not necessarily admissible or belonging to =#0) monomials in 
the Sq* generators of ^o- Thus in ^0 we have 



a[n, m]b = ^ a,[n„ OT,]c,fc. 



In R we may replace each c,fo with a sum of admissible monomials of the same degree; obviously this 

degree is positive as b e s/. 

The proof for the second inclusion is exactly similar n 

This lemma imphes that for any simultaneous solution A|^(^„) of 8.3.1(1) and 8.3.1(2), the elements in 
.g/, ®/?pre ® ^* and .g/, ® ®^pre Corresponding to it according to, respectively, 8.3.9 and 8.3.11, satisfy 



[*,qa€PAR' 



^ X2--k-i-\a\i[k, /]a) ® 1 + m,(x2'>-k-i-\a\i[k, /]«)) + ^ " ® X2»-._*:_,_|a|([A;, /]a)j ® ([A:, l]a), 

^P2»-2'+l(^fe)®5feL 



= (i®i®£i>^)(i®a).) 



where 



>2 



is the restriction of linear forms on R^'" to the subspace spanned by the subset of PAR' consisting of the 
left preadmissible relations of the form [k, l]a with a e Indeed the remaining part of the element from 
8.3.9 is 

P2"(l) ® 1, 

and according to the lemma its image under 1 ® <!)« goes to zero under the map g^^. 

Since the elements p2"-2*+i(^jt) are explicitly given for all k > 0, this allows us to explicitly determine 
all elements Xj{[k, /]a) for [k, l\a e PAR' with a e For example, in low degrees we obtain 



X2([2,3]Sqi) = 


= X2([3,2]Sqi) 






X3([2,2]Sqi) 


= cl 


Xio([2,3]Sqi) = 


Xio([3,2]Sqi) 






xii([2,2] Sq') 




X26([2,3]Sqi) = 


X26([3,2]Sq') 






X27([2,2]Sqi) 





with all other Xji[k, l]a) = for j < 32 and [k, l]a € PAR' with a€^. 

(8.3.13) Remark. Calculations can be performed for larger j too. But in fact a pattern is clearly 
apparent here. It suggests itself to conjecture that actually all elements Xji[k,l]a) for [k,l]a e PAR' with 
a € can be chosen to be 

X2-.-6([2, 3] Sqi) = X2»-6([3, 2] Sq^) = 

X2»-5([2,2]Sqi) = fi^_342. 

for n > 3, with all other Xji[k, l]a) = 0. 

It remains to deal with the elements Xj{[k, /]). These shall satisfy 



2 X2~-k-ii[k, /]) ® 1 + m.ix2n-k-ii[k, I])) + Yj ® xr->-k-ii[k, I]) 



k<2n 



where now 



i>0 



®lk,l]. 



(1 (8) O.) (p2"(l) ® 1) + (1 ® 1 ® £'*^)(1 ® <1>.) 



^P2»-2'+l(^i:)®^/t 



Q^^ '■ ^pre ^pre 



<2 



92 



8. COMPUTATION OF THE ALGEBRA OF SECONDARY COHOMOLOGY OPERATIONS AND ITS DUAL 



is the restriction of hnear forms on /?p'^' to the subspace spanned by the Adem relations. The last sununand 
D„ = (1 18> 1 ® (8) O*) (2ife>oP2"-2'+i(5fe) ® ^k) is again explicitly given; for example, in low degrees it 
is equal to 

Di = 0, 
D2 = 0, 

Z)3 = (^i®^i)'®[2,2],, 

D4 = [^1^2 (8) A + ^2 ® ^2 + ® Cl^l)^ ® [2, 2]., 

Ds = [Cl^i f 1 + ClCi ®^2+ tx^l ® <rif2 + ^ ® ^2^3 + ^3 ® 6 + -Tz ® ^1^3^ ® [2, 2].. 

Then finally the equations that remain to be solved can be equivalently written as follows: 



(1 ® 1 ® e)(l ® 0),)" 



where 



X2n-k-ii[k, /]) ® 1 + m.(x2'--k-ii[k, /])) + Yj ^T " ® xi-'-k-iiik, /]) ® [k, /]. 



U<2/ V 



(>0 



= (l®l®e)(l®<I).rX£>«), 



n=l 
n = 2 
n = 3 
n = 4 

n = 5. 



is the projection to the positive degree part, i. e. maps 1 to and all homogeneous positive degree elements 
to themselves. Again, the right hand sides of these equations are explicitly given constants, for example, in 
low degrees they are given by 

0, 

0, 

®[2,2],®<ff, 

(^f ^2 ^ ^2, 2]. + ® (Sq4[2, 2]). + f ^ ^ (Sq*>[2, 2]).) ® 
(^4^2 ® [2, 2]. + ^2 ® (Sq4[2, 2]). + ^ ® (Sq6[2, 2]). + ® (Sq« Sq4[2, 2]). 
<g, (Sqio Sq4[2, 2]). + f f ® (Sq'^ Sq^[2, 2]).) ® 
One possible set of solutions for with < 5 is given by 

X5([l,2]) = ^f^2, 

X4([l,3]) = rf, 

Xi3([l,2]) = f2^3, 
-«12([1,3]) = ^, 
X29([l,2]) = ^32^4, 
X28([l,3])-^ 

and all remaining x jUk, I]) - for j + k + I ^ 32. 

Or equivalently one might give the same solution "on the other side of 3>" by 

P2(l) = 0, 
P4(l) = 0, 

P8(l) = A'f2 ® [1, 2]. + ® [1,3]. + ^2 ® (Sq'[l, 2]). + f2 ^ (Sq3[l, 2])., 
pi6(l) = ® [1, 2], + ^ ® [1, 3]. + ® (Sq2[l, 2])^ + ® (Sq3[l, 2])^ 

+ 6 ® (Sq' Sq2[l, 2])^ + ^| ® (Sq^ Sq2[l, 2])^ + ^ ® (Sq^ Sq3[l, 2])^ , 
P32(l) = ^3^4 ® [1, 2].. + ^ ® [1, 3]. + ® (Sq2[l, 2])^ + ® (Sq3[l, 2])^ 

+ ® (Sq^ Sq2[l, 2])^ + ^f^l ® (Sq^ Sq2[l, 2])^ + ^ ® (Sq« Sq3[l, 2])^ 

+ ^4 ® (Sq^ Sq'' Sq2[l, 2])^ + ® (Sq^ Sq'' Sq2[l,2])^ + ^ ® (Sq^" Sq^ Sq^Ll, 2])^ + ® (Sq^^ Sq^ Sq^[l, 
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(8.3.14) Remark. As in 8.3.13, here one also has a suggestive pattern which leads to a conjecture that 
a simultaneous solution of (1) and (2) is determined by putting 

X2n-3i[l,2]) = C-2^n-l, 
X2»-4([l,3]) = ^_2 

for n > 3, with all other Xj{[k, /]) = 0. 

This then gives the solution itself as follows: 

A^(fi) = 0, 
= 0, 

+^®(M3i+AM3) 
+^1 ®M221 

+^2 ® {Ms + M41 + M32 + M3) 

® (M51 + M321 + M231 + M2121 + ^l(M5 + M41 + M32 + M221) + ^iM^j + (^3 + ^2)^3) 
+fl ®M2221, 

A^(f4) = f|6®M3 

+^®(M3i+flM3) 
+fff|®M221 

+^6 ® (M5 + M41 + M32 + f^Ma) 

® (M51 + M321 + M231 + M2121 + A(M5 + M41 + M32 + M221) + f?M^i + + ^2)M3) 

+fl ® M2221 

+fl^2 ® ^4221 

+^3 ® (M9 + M72 + M621 + M54 + M441 + M432 + M342 + M2421 + + f^Ma) 

+^2 ® (^721 + M451 + M4321 + M4231 + M42121 + M3421 + (M5 + M41 + M32 + M2nif 

+fl(M9 + M72 + M621 + M54 + M441 + M432 + M4221 + M342 + M2421) + ^Mj + (\M5 + {^i^l + ^3)^3) 
+^1 ® (M6221 + M4421 + M24221) 

+^ ® (M831 + M8121 + M651 + M6321 + M6231 + ^62121 + M4521 + M4431 + M44121 + M41421 

+ A^2721 + M2AS\ + A^24321 + ^^24231 + ^^242121 + ^^23421 

+ i\{M(,22\ + M4421 + M24221) + CliMs + Max + M32 + M2nif 

+ ^2{Mq + M72 + M(,2\ + M54 + M441 + M432 + M342 + M2421) + rfMjii + + ^3(M5 + M41 + M32) 

+^^2M5 + + &M3) 

+fl ® (M82221 + M44421 + M46221 + M424221) , 
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8. COMPUTATION OF THE ALGEBRA OF SECONDARY COHOMOLOGY OPERATIONS AND ITS DUAL 



+^®(M3i+^lM3) 
+Arf^3®^221 

® (^5 + M41 + M32 + f^Ma) 

® (M51 + M321 + M231 + M2121 + ^(Ms + M41 + M32 + M221) + fiMjj + (^3 + ^2)M3) 
+^1^2^®M2221 
+^l'^>M4221 

+^1^4 ® (M9 + M72 + M621 + M54 + M44I + M432 + M342 + M2421 + ^Ms + flMs) 
+^1^1 ® (M721 + M451 + M4321 + M4231 + M42121 + M3421 + (M5 + M41 + M32 + M211l)^ 

+ ^i(M9 + M72 + Men + M54 + M441 + M432 + M4221 + M342 + M2421) 

+^,mI + ^iMs + + ^3)^3) 

® (^6221 + ^^4421 + Af2422l) 
Hltl ® (^831 + A^8121 + ^651 + M6321 + M6231 + M^niX + M452I + M4431 + M44121 + M41421 
+ ^^2721 + ^^2451 + A#24321 + ^#24231 + 242121 + ^#23421 
+ fl(M6221 + M4421 + M24221) + ^f(M5 + M41 + M32 + M2iii)^ 

+ ^2(M9 + M72 + M621 + M54 + M44I + M432 + M342 + M2421) + + ^^M] 

+ti^2M5 + HM, + M41 + M32) + (^f ^3 + &M^) 
+C\ ® (^82221 + M44421 + M46221 + M424221) 

® (Mh + Mn4 + Afn42 + Afu)421 + Mgg + M872 + Mgezi + ^854 + M8441 + M8432 + ^8342 + ^82421 
+M584 + M3842 + ^28421 + + ^^Mj + i^lU^ 

+^1^3 (8)M84221 

® (Mi 1421 + M8721 + ^#8451 + ^^84321 + ^#84231 + ^#842121 + ^^83421 + ^#38421 
+ (M9 + M72 + M621 + M54 + M441 + M432 + M42111 + M342 + M242l)^ 
+ fl(Mi7 + M134 + M1142 + M1042I + M98 

+ M872 + M8621 + M854 + M844I + M8432 + ^84221 + ^8342 + M82421 + M584 + M3842 + M28421) 
H\M\ + f^M9 + CM + ArfM5 + (^^3 + f4)M3) 
+^1^ ® (Mio4221 + M86221 + ^84421 + ^824221 + M284221) 

+^ ® (Mi2521 + M1243I + M12412I + M12142I + M1072I + M1045I + M10432I + Mi04231 + Mi042121 + M10342I 
+ ^8831 + ^88121 + A^8651 + ^86321 + ^86231 + ^862121 + ^^84521 + ^84431 + ^844121 + ^841421 

+ ^^82451 + ^^82721 + ^^823421 + ^^824321 + ^^824231 + ^#8242121 
+ M49421 + M48521 + A^48431 + ^^484121 + ^^481421 + ^^418421 

+ A/211421 + A/28721 + ^^28451 + ^^284321 + ^^284231 + ^^2842121 + ^^283421 + ^#238421 
+ ^(^104221 + A^86221 + ^84421 + ^824221 + ^28422l) 

+ (M9 + M72 + M621 + M54 + M441 + M432 + M42111 + M342 + M242l)^ 

+ f2(Mi7 + M134 + M1142 + M1042I + M98 + M872 + M8621 + M854 + M844I + M8432 + ^8342 + ^82421 

+ M584 + M3842 + M28421) 
+^M22ii + l^fM\ + fiV2M9 + ff^M^ + f|M5 + f4(M5 + M41 + M32) + + 6f^)M3) 



8.3. COMPUTATION OF THE HOPF PAIR COALGEBRA 
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+ ^12831 + ^128121 + ^12651 + ^126321 + ^126231 + A/i262121 + ^124521 + ^^124431 + ^1244121 + Mn4U2\ 

+ M122721 + M122451 + M1224321 + M1224231 + M12242121 + Mm3421 

+ ^86631 + ^866121 + ^862521 + ^862431 + ^8624121 + ^^8621421 

+ M844521 + A^84443l + ^8444121 + M8441421 + M842631 + ^^8426121 + ^^8423421 + ^^84212421 

+ A#6i0521 + ^#610431 + M610412I + A/6101421 + AffiSfiai + Mgggni + M682521 + ^682431 + ^^6824121 + ^^6821421 
+ M629421 + ^628521 + ^628431 + ^6284121 + ^6281421 + ^6218421 

+ M412521 + M412431 + M4124121 + M4121421 + M410721 + M410451 + M4104321 + M410423I + Mll042121 + M410342I 
+ ^48831 + ^488121 + ^48651 + ^^486321 + ^^486231 + ^^4862121 + ^484521 + M484431 + M484412I + A/484142I 

+ M482721 + ^^482451 + ^^4824321 + ^^4824231 + ^^48242121 + ^^4823421 
+ M449421 + M448521 + ^^448431 + M4484121 + M4481421 + M4418421 

+ A/4211421 + A/428721 + Af428451 + Af4284321 + ^^4284231 + Af42842121 + A/4283421 + A/423842I 

+ (Mssi + M8121 + M7311 + M7221 + M71211 + Mfisi + M6411 + M6321 + ^53111 + M62211 + ^612111 

+ Af433ii + M43221 + M431211 + M4222II + Af421311 + M42122I + Af4i421 

+ Af35211 + M34311 + M34221 + M341211 + M314211 

+ M272I + M262II + M252III + M245I + M244II + M2432I + M243III + M2422II + M2412III 
+ Af23421 + Af224211 + Af214211l)^ 
+ (M5i +M411 +M32l/ + M3^ 

+ fl(A/226221 + Mi2Ml\ + A/1224221 + A/88421 + A/4104221 + Af486221 + A/484421 + A/4824221 + A/4284221) 
+ ^(A^5+A/41+A/32)^ 

+ (Mg + Mn + M(,2i + Af54 + A/441 + A/432 + A/342 + A/2421)^ 

+ f3(A/l7 + A/134 + A/1142 + A/10421 + A/98 + A/872 + A/8621 + A/854 + A/8441 + A/8432 + A/8342 + A/82421 
+ A/584 + A/3842 + Af 28421 ) 



+A/8124421 + A/8126221 + M^niAlll + A/888421 + A/84_104221 + A/8486221 + A/8484421 + A/84824221 + A/84284221 

The formulse above were obtained via computer calculations. They lead to the general patterns in 
8.3.13 and 8.3.14 which would detemiine the map completely. 



+ ^\f^Mi + i:i{M, + M41 + A/32)' + <rf6A/9 

+ ^a{M<) + M72 + A/621 + A/54 + A/441 + A/432 + A/342) 




CHAPTER 9 



The dual d(2) differential 

In this chapter we will compute the d(2) differential in the term 

Ef'^ = Cotor^^(F,F)'' = Ext'^(F,F)« 

of the Adams spectral sequence. For this we will first set up algebraic formalism necessary to carry out an 
analog of the computations in Chapter 3 in the dual setting. First let us recall how the above isomorphism 
is obtained. 

9.1. Secondary coresolution 

One starts with a projective resolution of the ^ -module F, e. g. with the minimal resolution as in 
(3.2.1). Its graded F-linear dual 

(9.1.1) F ^ ^F' ^ ^i''"} ^ ... 

is then an injective resolution of F in the category of right ^t-comodules. (This is not entirely trivial 
since we take graded duals. However all (co)modules that we encounter will be degreewise finite, i. e. 
having generating sets with finite number of elements in each degree. Obviously then graded duality is a 
contravariant equivalence between the categories of such (co)modules.) 
There are isomorphisms 

Hom^(M,A?) s M, n^. N 

for any left ^ -modules M and A' of the above kind (i. e. of graded finite type), where on the right the 
graded dual M. is considered as a right M-comodule and A'^ as a left ^-comodule in the standard way. 
It follows that applying Hom^(-,F) to (3.2.1) and applying - n^, F to (9.1.1) gives isomorphic cochain 
complexes (of F-vector spaces). But by definition cohomology of the latter complex is given by 

//''((9.1.1)n^. ¥y = Cotor^^(F,F)«. 

It then follows from (3.2.13) that in these terms the secondary differential 

i/f/) : Cotor^^(F,F)« ^ Cotor^-^ (F, F)«+i 

is given by 

(9.1.2) <|(ip= 2 

4 appears in a(g^*2) 

Here, 

5.:0W«^U0^i<-' 

9 9 

is the dual of the map 

determined in 3.2.7, whereas gl denotes the dual basis of gl, i. e. gp e ^j^'^ is the vector with the gp-th 
coordinate equal to 1 and all other coordinates equal to zero. Moreover by dfigp)^ is denoted the zero 
degree component of d^igp), i. e. the result of applying to the element 

j>0 
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9. THE DUAL dm DIFFERENTIAL 



the projection to the (j = 0)-th component 



Sp^.2 I 



7>0 

Instead of directly dualizing the map 6, it is more convenient from the computational point of view to 
dualize the conditions of 3.2.7 using (3.2.12) and determine 5, directly from these dualized conditions. In 
fact using 8.2.5 we can further detaUze the diagram (3.2.12) in the following way: 



® Vp+i 



(9.1.3) 




^ <2> Vp+2 ■ 




where A" is the multiplication map corresponding to a splitting s of the G-relation pair algebra used, as in 
8. 1, to identify Rag with si ®R^, and ((p'^'^, y^'*) are the components of the corresponding composite map 

with (p as defined in (3.2. 10). 

Moreover just as the map 8 is completely determined by its restriction to Vp+2, its dual 5, is determined 
by the composite as in 

5. Hom(V'.+2.s) 

Hom(yp,S^.) A Hom(yp+2,^.) > Hom(yp+2,F), 

where graded Hom is meant, and s is the augmentation of In fact we only need this composite map 5o 
as by (9. 1 .2) above we have 

(9.1.4) 4^)(tJ.) = ^o(^P- 

Now the dual to diagram (9.1.3) is easy to identify; it is 

is 



(9.1.5) 




s^. ® y^+i 



® M ® y. 




s^, ® ® y„ 



C ® ® yp 




s^, ® y„ 



where y^ are the graded dual spaces of Yp. 

It is straightforward to reformulate the above in terms of elements: the values of the map (5o on arbitrary 
elements a ® ^ e ® Vp must satisfy 



(9.1.6) 

where we have denoted by 



<Jo(^ at ® ® §)) = ^^.(^ ai ® (5o(ar ® g)) 

+ d,C}^ ^lat ® ^pf -'(a. ® g)) + A( J] ® ^pf ''(a^ ® g)), 



A(fl) = ^ ® ar 
the value of the diagonal A : — > jz^i ® jz/, and by 

^.s(a) = ^fl^ ®aR 

the value of the comultiplication map A, : — > ® on a € 
We thus obtain 



9.1. SECONDARY CORESOLUTION 
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(9.1.7) Proposition. The d(2) differential of the Adams spectral sequence is given on the cohomology 
classes represented by the generators g in the minimal resolution by the formula 

d(2){g) = 6o{^\®g), 

where 

(5o : ®Vs^ t>,+2 
are any maps satisfying the equations (9.1.6). 

□ 

We will next describe the actual steps of the computation of the map <5o and its outcome. 
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